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A B S T R A C T
In the present thesis we study (n+ 2)-dimensional Lorentzian manifolds (M(n+2), g) with special
holonomy, i.e. such that their holonomy representation acts indecomposably but non-irreducibly.
Being indecomposable, their holonomy group leaves invariant a degenerate subspace W ⊂ TxM
and thus a light-like line L = W ∩W⊥g . Geometrically, this means that, since being holonomy
invariant, this line gives rise to ∇g-parallel subbundles L and L⊥ of the tangent bundle TM,
where ∇g denotes the Levi-Civita connection to g. In particular this implies that these subbun-
dles induce foliations of dimension resp. codimension one. Hence we naturally gain a link to
foliation theory and by the following observations also to Riemannian geometry. Given L and
L⊥ we can define by Σ := L⊥/L a vector bundle over M which is called the screen bundle and
equip it with a connection ∇Σ induced by ∇g. It is well-known that the holonomy of this bundle
w.r.t. ∇Σ coincides with the O(n)-projection of the full holonomy group of (M(n+2), g) and that
this in turn is a holonomy group of a Riemannian manifold. Moreover, given a (non-canonical)
screen distribution S ⊂ TM isomorphic to Σ, one can associate to S a Riemannian metric gR which
coincides with g on S× S. This thesis makes use of these naturally given objects on a Lorentzian
manifold with special holonomy to prove the following insights.
In the first chapter we address the problem of finding conditions under which a compact
Lorentzian manifold is geodesically complete, a property, which always holds for compact Rie-
mannian manifolds. It is known that a compact Lorentzian manifold is geodesically complete if
it is homogeneous, or has constant curvature, or admits a time-like conformal vector field. We
consider certain Lorentzian manifolds with Abelian holonomy, which are locally modeled by the
so called pp-waves, and which, in general, do not satisfy any of the above conditions. We show
that compact pp-waves are universally covered by a vector space, determine the metric on the
universal cover, and prove that they are geodesically complete. Using this, we show that every
Ricci-flat compact pp-wave is a plane wave.
The second chapter is devoted to the study of the topology and geometry of certain Lorentzian
manifolds with special holonomy and high first Betti number. Namely, assuming compactness of
the leaves to L⊥ and non-negative Ricci curvature on these leaves it is known that the first Betti
number is bounded by the dimension of the manifold resp. the leaves, if the manifold is compact
or non-compact. We prove in the case of the maximality of the first Betti number that every such
Lorentzian manifold is – up to finite cover – diffeomorphic to the torus (in the compact case)
or the product of the real line with a torus (in the non-compact case) and has very degenerate
curvature, i.e. the curvature tensor induced on the leaves is light-like.
The last chapter turns the attention to the investigation of geometric properties of indecom-
posable but non-irreducible Lorentzian manifolds, which are total spaces of circle bundles. We
investigate under which conditions these manifolds are complete and give examples which ful-
fill the obtained conditions. In particular we investigate the Einstein equation for these spaces
yielding examples for complete compact Ricci flat Lorentzian manifolds and manifolds with
timelike Killing vector fields. Finally we study their holonomy and obtain in particular complete
examples for Lorentzian manifolds with holonomy of so called type 4.

Z U S A M M E N FA S S U N G
In dieser Arbeit studieren wir (n + 2)-dimensionale Lorentz-Mannigfaltigkeiten (M(n+2), g) mit
spezieller Holonomie, d.h. ihre Holonomiedarstellung wirkt schwach-irreduzibel aber nicht irre-
duzibel. Aufgrund der schwachen Irreduzibilität, lässt die Darstellung einen ausgearteten Un-
terraum W ⊂ TxM invariant, damit also auch eine lichtartige Linie L = W ∩W⊥g . Geometrisch
hat dies zur Folge, dass wir zwei ∇g-parallele Unterbündel L und L⊥ des Tangentialbündels
erhalten, wobei ∇g den Levi-Civita Zusammenhang zu g bezeichnet. Insbesondere induzieren
L und L⊥ aufgrund ihrer Parallelität Blätterungen der Dimension eins bzw. Kodimension eins
auf M. Dies schlägt eine Brücke zur Blätterungstheorie und vermöge der folgenden Beobach-
tungen ebenfalls zur Riemannschen Geometrie. Definieren wir durch Σ := L⊥/L ein Vek-
torbündel über M und nennen dieses Screenbündel, so können wir dazu einen Zusammenhang
∇Σ definieren, der durch ∇g induziert wird. Es ist wohlbekannt, dass die Holonomie von Σ
bzgl. ∇Σ mit der O(n)-Projektion der Holonomiegruppe von (M(n+2), g) übereinstimmt, wobei
diese wiederum die Holonomie einer Riemannschen Mannigfaltigkeit ist. Des Weiteren können
wir uns eine (nicht kanonische) Screendistribution S ⊂ TM isomorph zu Σ vorgeben und zu
dieser eine Riemannsche Metrik gR assoziieren, welche mit g auf S× S übereinstimmt. Die vor-
liegende Arbeit nutzt diese Beobachtungen, um die nachfolgend genannten Erkenntnisse über
Lorentz-Mannigfaltigkeiten zu beweisen.
Im ersten Kapitel beschäftigen wir uns mit der geodätischen Vollständigkeit von kompak-
ten Lorentz-Mannigfaltigkeiten. Diese Eigenschaft gilt für kompakte Riemannsche Mannig-
faltigkeiten immer und für kompakte Lorentz-Mannigfaltigkeiten sind bekannte hinreichende
Bedingungen für geodätische Vollständigkeit die Homogenität, konstante Krümmung oder die
Existenz eines zeitartigen konformen Vektorfeldes. Wir studieren in dieser Arbeit Lorentz-
Mannigfaltigkeiten mit abelscher Holonomie. Diese sind lokal gegeben als sogenannte pp-
Wellen und im Allgemeinen erfüllen sie keine der soeben genannten Bedingungen. Wir zeigen,
dass kompakte pp-Wellen geodätisch vollständig sind, universell von Rn+2 überlagert werden
und beschreiben die auf die Überlagerung zurückgezogene Metrik. Unter Zuhilfenahme dieser
Resultate zeigen wie schließlich, dass jede kompakte Ricci-flache kompakte pp-Welle eine ebene
Welle ist.
Das zweite Kaptitel widmet sich dem Studium der Topologie und Geometrie von bestimmten
Lorentz-Mannigfaltigkeiten mit spezieller Holonomie und hoher erster Bettizahl. Unter der
Annahme der Kompaktheit der Blätter zu L⊥ und nicht-negativer Ricci-Krümmung auf den
Blättern ist bekannt, dass diese durch die Dimension der Mannigfaltigkeit bzw. die Dimension
der Blätter nach oben beschränkt ist, abhängig davon, ob die Mannigfaltigkeit kompakt ist oder
nicht. Im Gleichheitsfall zeigen wir, dass jede solche Lorentz-Mannigfaltigkeit – bis auf endliche
Überlagerung – diffeomorph zum Torus (im kompakten Fall) bzw. zum Produkt von R mit
dem Torus (im nicht-kompakten Fall) ist. Zudem hat g in diesem Fall einen sehr ausgearteten
Krümmungstensor, genauer gesagt ist die Krümmung auf den Blättern zu L⊥ lichtartig.
Im letzen Kapitel widmen wir unsere Aufmerksamkeit dem Studium geometrischer Eigen-
schaften von Lorentz-Mannigfaltigkeit mit spezieller Holonomie, welche als Totalräume über
S1-Bündeln definiert sind. Wir untersuchen unter welchen Voraussetzungen diese geodätisch
vollständig sind und geben Bedingungen an, unter denen die Konstruktion Ricci-flache Lorentz-
Mannigfaltigkeiten zulässt. Zuletzt geben wir geodätisch vollständige Beispiele für Lorentz-
Mannigfaltigkeiten mit sogenannter Holonomie vom Typ 4.

Dedicated to Sina and Pia.
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I N T R O D U C T I O N
An important concept in differential geometry is that of holonomy. Given a semi-
Riemannian manifold1 (M(n+2), g) (i.e. whose metric g has arbitrary signature (p, q)) we
define the (reduced) holonomy group Hol(0)x (M(n+2), g) in a point x ∈ M as the group
of parallel displacements along (null-homotopic) loops closed in x ∈ M. As a conse-
quence the holonomy group is contained in the orthogonal group O(TxM, gx) ' O(p, q)
and thus gives a natural representation ρ of Holx(M, g) on O(TxM, gx). Holonomy
groups are smooth Lie groups and as such they have a corresponding Lie algebra
holx(M(n+2), g), the holonomy algebra which, by the Holonomy Theorem of Ambrose
and Singer, provides a description of the curvature of the manifold by algebraic means.
In this spirit, the concept of holonomy is of high importance in the study of semi-
Riemannian manifolds since it links algebraic and geometric properties allowing to
apply results from algebra as to obtain geometric results. Moreover, holonomy is in
close relation to parallel sections in geometric vector bundles on the manifold by the
holonomy principle which relates elements stabilized by the holonomy group to paral-
lel sections. Further, for manifolds with special holonomy – by which we mean that the
holonomy group is a proper subgroup of O(p, q) – one can deduce special geometric
properties such as for the curvature. In the Riemannian case, the study of special holon-
omy groups provided the starting point for applications of holonomy theory, where E.
Cartan in the 20’s and finally Berger in the 50’s obtained remarkable and ground-
breaking results. Indeed, Berger obtained a classification of the Riemannian holon-
omy groups in [Ber55]. The list contains the possible irreducible holonomy groups of
simply-connected, not locally-symmetric n-dimensional Riemannian manifolds and is
commonly referred to as Berger’s list. It contains exactly the groups SO(n), U( n2 ), SU(
n
2 ),
Sp( n4 ), Sp(
n
4 ) · Sp(1), G2 and Spin(7). Moreover, if the holonomy of a Riemannian man-
ifold is contained in one of these groups, this has consequences on their geometry by
which they are Kähler-, Calabi-Yau-, hyper-Kähler-, quaternionic Kähler-, G2- or Spin(7)-
manifolds, respectively.
For indefinite metrics this classification problem is widely open, except for the Lo-
rentzian case, where quite recent results lead to a classification of Lorentzian manifolds
with special holonomy. However, for the case that the holonomy representation ρ is
irreducible meaning that there exists no proper holonomy invariant subspace E ⊂ TxM,
such a classification exists [Ber55, Ber57] even for the semi-Riemannian case. The difficul-
ties in indefinite signature arise since in this case the holonomy representation ρ can also
be both, non-irreducible and weakly-irreducible, where ρ is called weakly-irreducible (or in-
decomposable) if there there is no proper non-degenerate holonomy invariant subspace.
By the de Rham/Wu decomposition theorem [DR52, Wu64], any simply-connected,
geodesically complete semi-Riemannian manifold is globally isometric to a product
1 Within this thesis, all manifolds are assumed to be smooth, connected and without boundary.
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of a flat manifold (which is possibly zero dimensional) and indecomposable non-flat
manifolds. Hence, for indefinite metrics, the classification of manifolds with special
holonomy breaks down to classify the indecomposable ones.
For every Lorentzian manifold whose reduced holonomy group is a proper subgroup
of SO0(1, n + 1) the holonomy representation acts indecomposably but non-irreducibly
[DSO01]. Consequently, its holonomy representation ρ needs to preserve a degenerate
subspace W ⊂ TxM and hence a holonomy invariant light-like line L := W∩W⊥g . By
the holonomy principle, the holonomy group must lie in the stabilizer SO0(1, n + 1)L of
this line. Based on results in [BBI93] in which the possible subalgebras of the Lie alge-
bra so(1, n + 1)L of this stabilizer were determined algebraically, the connected compo-
nents of indecomposable Lorentzian holonomy groups were finally classified by Leist-
ner in [Lei07]. In addition to that Galaev [Gal06] gave a construction method for
Lorentzian metrics and proved that all possible groups occurring in the classification
can actually be realized as holonomy groups of a Lorentzian manifold. We point out
that holonomy groups of four-dimensional Lorentz spaces where classified much earlier
[Sch61, Sha70]. A very nice survey about the general classification is given in [LG08]
and an overview concerning more recent results about holonomy groups of Lorentzian
manifolds in [Bau12].
Motivation and Open Problems
Due to Ikemakhen and Bérard-Bergery [BBI93], the indecomposable, non-irreducible
subalgebras of so(1, n + 1)L can algebraically be only of four types.
Theorem I. Let h ⊂ so(1, n + 1)L be a weakly-irreducible subalgebra and let g := prso(n)(h)
denote the orthogonal part. Then h belongs to one of the following types:
Type 1: h = (R⊕ g)nRn,
Type 2: h = gnRn,
Type 3: h = {(ϕ(X), X + Y, z) | X ∈ z(g), Y ∈ [g, g], z ∈ Rn}, where ϕ : z(g) − R is a
surjective homomorphism,
Type 4: h = {(0, X +Y, ϕ(X) + z) | X ∈ z(g), Y ∈ [g, g], z ∈ Rk}, where Rn = Rm ⊕Rk,
0 < m < n, g ⊂ so(k) and ϕ : z(g) − Rm is a surjective homomorphism.
By the classification theorem of Leistner and Galaev [Lei07, Gal06], these are actu-
ally all realizable as holonomy algebras of Lorentzian manifolds, whereas the orthogonal
part g = prso(n)(hol(M, g)) is the holonomy algebra of a Riemannian manifold.
Theorem II. Let H ⊂ SO0(1, n + 1) be a connected subgroup acting indecomposably but non-
irreducibly. Then H is the reduced holonomy group of a Lorentzian manifold if and only if its
orthogonal part is a Riemannian holonomy group.
Although this gives a complete understanding on how possible holonomy groups
of indecomposable but non-irreducible Lorentzian manifolds can algebraically be de-
scribed, it is a – in contrast to the Riemannian case – widely open field to understand
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implications on the geometry of a Lorentzian manifolds with special holonomy if one
assumes that its holonomy belongs to a certain prescribed type.
In light of the results in the Riemannian case and the fact that the orthogonal part of
the holonomy group of a Lorentzian manifold with special holonomy coincides with a
holonomy group of a Riemannian manifold it seems to be worthwhile to understand this
correspondence in more detail. Namely, note that for Lorentzian manifolds (M(n+2), g)
with special holonomy, the light-like line L in each (TxM, gx) gives rise to a parallel line
bundle L via parallel translation and hence a parallel codimension one subbundle L⊥
since L ⊂ L⊥. Consider the quotient bundle Σ := L⊥/L, which is usually referred to
as the screen bundle together with its bundle metric 〈·, ·〉Σ and connection ∇Σ, naturally
induced by the metric g and its Levi-Civita connection. Then the orthogonal part of
the holonomy group of (M, g) coincides with the holonomy2 of (Σ,∇Σ) [Lei06, BLL14].
Consequently, geometric data encoded in the screen bundle translates into algebraic data
of the holonomy and vice versa. For example, this correspondence can be used to give
conditions for the existence of parallel spinors on (M, g) [Kat99, Bau02, Lei07, BLL14].
Another observation which relates the geometry of a Lorentzian manifold with special
holonomy to algebraic properties can be found in [LG08] where it was proven that
the holonomy of a Lorentzian Einstein manifold with special holonomy has to have
holonomy of type 1 or 2 in the classification theorem and, moreover, the orthogonal
part g must be either trivial or a combination of so(k), su(k), sp(k), g2, spin(7) and the
holonomy algebra of a non-Kählerian Riemannian symmetric space. In light of these
results we may pose the following problem.
Problem A. Find examples for Lorentzian manifolds with prescribed geometry (e.g. Einstein,
Ricci-flat, parallel spinors etc.) and prescribed holonomy.
A screen distribution S ⊂ TM is an n-dimensional subbundle of the tangent bundle
of a Lorentzian manifold (M(n+2), g) with special holonomy, isomorphic to the screen
bundle Σ. The choice of such a screen distribution is not unique and indeed the under-
standing of Lorentzian manifolds relies heavily on the comprehension of the existence
of certain screen distributions. For example, by fixing a screen distribution S on a time-
orientable3 Lorentzian manifold we can define an associated Riemannian metric gR to
this screen by letting Z ∈ Γ(TM) be a light-like vector field with g(V, Z) = 1 such that
S = V⊥g ∩ Z⊥g and define
gR(V, ·) := g(Z, ·), gR(Z, ·) := g(V, ·), gR(X, ·) := g(X, ·) for X ∈ Γ(S)
with extension by linearity. This Riemannian metric onM enables us to relate methods
from Riemannian geometry to the Lorentzian manifolds with special holonomy and as
we will see later, its properties are somehow related to properties of the underlying
screen distribution.
2 The holonomy of a geometric vector bundle (Σ,∇Σ, 〈·, ·〉) overM is defined similar to the holonomy group
of a semi-Riemannian manifold (M, g) but by replacing the parallel displacement w.r.t. the Levi-Civita
connection of g by the connection ∇Σ.
3 A Lorentzian manifold (M, g) is said to be time-orientable if and only if it admits a nowhere vanishing
timelike vector field X, i.e. with g(X, X) < 0.
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The importance of gR becomes more clear if we recall that, being parallel, the distri-
butions L and L⊥ induce a one- and codimension one foliation onM, respectively. If L
resp. L⊥ denote leaves of these foliations, and if we denote with F the foliation induced
by a vector field V spanning L then the metric gR equips any leaf L⊥ corresponding to
L⊥, foliated by F , with a special geometric structure turning the triple (L⊥, F , gR) into
a Riemannian flow. Hence we obtain an intersection between Riemannian geometry, fo-
liation theory and Lorentzian geometry. That this interplay is fruitful has already been
shown in [Lär11] (see also the following paragraphs) and it raises the following question.
Problem B. Understand the interplay between screen distributions, induced foliations and the
geometry of Lorentzian manifolds with special holonomy.
As we have already mentioned, the curvature of the manifold has a close relation to
the holonomy algebra by the theorem of Ambrose and Singer. This relation manifests
in the following result [Lei06, Lei07] concerning Lorentzian manifolds with Abelian
holonomy: assume that the parallel line bundle L is spanned by a global section V
or, equivalently, that the Lorentzian manifold is time-orientable. Then the Lorentzian
manifold has holonomy RnRn if and only if the curvature satisfies Rg|L⊥∧L⊥ = 0. If
the section V is in addition parallel, then this curvature condition is equivalent to an
Abelian holonomy, i.e. to be equal to Rn. In particular, Rg|L⊥∧L⊥ = 0 is equivalent for
the screen bundle to have trivial holonomy. Throughout this thesis we refer to Lorentz-
ian manifolds with parallel light-like vector field and Abelian holonomy as pp-waves.
Four-dimensional pp-waves were discovered by Brinkmann in the context of confor-
mal geometry [Bri25], and then played an important role in general relativity (e.g., see
[EK62], where also the name pp-wave for plane fronted with parallel rays was introduced).
More recently, higher dimensional pp-waves appeared in supergravity theories, e.g. in
[Hul84], and there is now a vast physics literature on them.
However, beside curvature there are also other geometric questions which are inte-
resting to investigate, for example the property of geodesic completeness. Recall that,
in sharp contrast to the Riemannian signature, compact Lorentzian manifolds do not
have to be complete. The probably most popular counterexample is the Clifton-Pohl
torus, which is compact, but geodesically incomplete [O’N83, Example 7.16]. However,
quite a long list of results investigating completeness of Lorentzian manifolds exists, e.g.
for the case of the existence of timelike conformal Killing fields [Kam93, RS94a, RS94b,
RS95] and for general plane fronted waves [CFS03, CRS13, CRS12], see also [Sán13] for an
overview. Imposing strong assumptions, a compact Lorentzian manifold is complete, for
example, if it is flat [Car89]4, has constant curvature [Kli96], or if it is homogeneous.
In fact, Marsden proved in [Mar73] that any compact homogeneous semi-Riemannian
manifold is complete. Moreover, compact, locally homogeneous 3-dimensional Lorentz-
ian manifolds are complete [DZ10]. Finally, we should mention the Lorentzian symmet-
ric spaces, the Cahen-Wallach spaces [CW70] which are, as symmetric spaces, automati-
cally complete. We subsume these observations to the following problem.
4 In fact, in [Car89] Carrière proved a much more general result for affine manifolds. A direct proof for the
flat case was given in [Yur92]. However, this proof has gaps as it was pointed out in [RS93].
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Problem C. For the possible holonomy types 1 - 4 find geometric implications on the metric
(e.g. geodesic (in-)completeness, curvature conditions etc.). In particular, find conditions for the
holonomy of a compact Lorentzian manifold to be geodesically complete.
It is a well-known result due to Walker [Wal50] that, locally, every Lorentzian man-
ifold (M(n+2), g) with special holonomy is isometric to an open neighborhood U in
which the metric g takes the form









with Ai, hij ∈ C∞(U ) s.t. ∂Ai∂v =
∂hij
∂v = 0 and H ∈ C∞(U ). In these coordinates, the
parallel line bundle L is, locally, spanned by ∂v. An interesting question concerns the
globalization of this result in the following sense.
Problem D. Under which assumptions can it be shown that a Lorentzian manifold (M(n+2), g)
with special holonomy is (universally) covered by Φ : R2×N −→M with the metric g̃ := Φ∗g
being isometric to a metric of the form (W )?
Lorentzian manifolds with holonomy of type 1 or 2 and a prescribed orthogonal part
are easier to find than examples for the types 3 and 4 where there is a coupling between
the R- and the Rn-part with the so(n)-part, respectively. Indeed, on the one hand (even
compact or complete) examples with trivial topology providing all possible connected
holonomy groups of type 1 or 2 can be constructed quite easily [Lei02]. On the other
hand, examples for Lorentzian manifolds with holonomy of type 3 or 4 are very rare
and the only examples we know are [Gal06, Baz09, Lei06]. In fact, neither are these
compact, nor is it known if they provide geodesically complete examples. In particular,
all examples are of the form L1 ×L2 ×N for some manifold N and Li ∈ {R, S1}.
Problem E. Find (geodesically complete) examples (with non-trivial topology) for Lorentzian
manifolds with special holonomy, especially for the holonomy types 3 and 4.
By imposing further geometric assumptions on an arbitrary Lorentzian manifold with
special holonomy one can investigate possible implications on the topology of the un-
derlying manifold. For example, this was done in [Lär11] where the assumption of
non-negative Ricci curvature on the leaves of L⊥ caused bounds for the Betti numbers
of the underlying manifold. This brings us to the following problem.
Problem F. Find connections between Lorentzian manifolds with special holonomy and the
topology of the underlying manifold.
Finally, let us mention a special class of pp-waves, called plane waves. On their
curvature it is imposed as another condition that ∇gRg = V[ ⊗ Q for some (4, 0)-
tensor Q. These, at a first glance, play an important role in physics literature (see
e.g. [EK62, BO03, Bla09] among others) but also appear in more general mathematical
contexts as Lorentzian manifolds with essentially parallel Weyl tensor (or essentially confor-
mally symmetric manifolds). These have parallel Weyl tensor but are neither conformally
flat nor locally symmetric and were studied by Derdziński and Roter. In fact, recent
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results [DR09, DR08, DR10] study global properties and especially prove that they are
plane wave metrics. In the physics literature [EK62], however, there was posed a pure
mathematical problem to which we will refer to as Ehlers-Kundt problem.
Problem G (Ehlers-Kundt [EK62, Section 2-5.7]). Prove the plane waves to be the only g-
complete pp-waves, no matter which topology one chooses.
We stress that in the Ehlers-Kundt problem, pp-waves are understood to be solutions
of the Einstein vacuum field equations and hence, in addition are assumed to be Ricci
flat.
Outline of the Thesis
This thesis is divided into four chapters, the last three of which presenting basically the
articles [Sch12, LS13, Sch13, Sch14]. The main results obtained therein are contained in
the Theorems VIII, IX, XIII, XIV, XVI and Theorem XVII stated below.
In Chapter 1 we will present the necessary preliminary results used throughout this
thesis. However, we do not claim completeness of this exposition and will refer for more
elaborated introductions into the presented topics to the sections itself. In Section 1.1
we will provide a short overview about well-known results concerning Riemannian and
Lorentzian holonomy theory, albeit the last stated theorem in this section is a quite
recent result which provides a tool to compute the full holonomy group of Lorentzian
manifolds (M(n+2), g) with special holonomy.
Theorem III ([BLL14, Theorem 3]). Let (M(n+2), g) be a Lorentzian manifold with special
holonomy universally covered by (M̃, g̃) with M̃ = R2 ×N and g̃ as in (1.13). Then each
isometry σ of (M̃, g̃) is of the form
σ(u, v, p) = (a−1σ u + bσ, aσv + τσ(u, v, p), νσ(u, v, p))
with5 aσ ∈ R∗, bσ ∈ R, τσ ∈ C∞(M̃) with ∂v(τσ) = 0 and smooth νσ : M̃ −→ N such that
∂v(νσ) = 0 and ν(u, v, ·) is an isometry of (N , h) for all u, v ∈ R. Then we find
Holx(M(n+2), g) = Q ·Holx̃(M̃(n+2), g̃) = Q ·Hol0x(M(n+2), g),
where Φ : M̃ −→M denotes the universal covering, x̃ = (u, v, p), Φ(x̃) = x, and
Q := 〈Q(σ) | σ ∈ π1(M)〉 ⊂ R∗ ×O(n)
with Q(σ) := (aσ, dµ−1σ−1 ◦ P
h
σ). Here, µσ := νσ(u, v, ·) and Phσ is the parallel transport w.r.t. h
along some curve in N from p to µσ−1(p).
In Section 1.2 we will introduce the screen bundle and screen distributions and ex-
plain in detail how these are related to the holonomy and geometry of the underlying
Lorentzian manifold. Moreover we will give some first partial answers to Problem B.
For example, if on a leaf L⊥ of the parallel subbundle L⊥ there exists an involutive and
horizontal screen distribution S (S is called horizontal if and only if [Γ(L), Γ(S)] ⊂ Γ(S)),
we obtain
5 We define R∗ := R\{0}.
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Proposition IV. Let (M(n+2), g) be a Lorentzian manifold with special holonomy and V a
global nowhere vanishing light-like vector field spanning L. Assume that, along L⊥, there exists
a horizontal and involutive realization S of the screen bundle. Then, the potential P defined
throught P := ∇g|L⊥−∇h takes only values in L and the recurrent vector field V on M is
parallel w.r.t. the metric h = gR|L⊥ on L⊥. In particular this implies that
[Rg(X, Y)− Rh(X, Y)]W ∈ Γ(V) for all X, Y, W ∈ Γ(L⊥)
and for the Ricci curvature Ricg |L⊥×L⊥ = Rich.
The subsequent Section 1.3 will be devoted to foliation theory in general and its re-
lations to Lorentzian manifolds with special holonomy in detail. In particular we state
a well-known but remarkable result about the connection between geodesic complete-
ness of a foliated Riemannian manifold and the completeness of a leaf with its induced
metric, cf. Proposition 1.26, and introduce cohomology theories (i.e. the basic and twisted
cohomology) related to a given foliation. These cohomology groups in turn will be use-
ful to tackle Problem F. The last Section 1.4 provides tools to study Problems D and B by
examine the structure of certain covers of Lorentzian manifolds with special holonomy
using the fact that a time-orientable Lorentzian manifold (M(n+2), g) admits a section
V ∈ Γ(L) with ∇gV = β⊗V. If, moreover, ker β = L⊥, then (M(n+2), g) is called decent.
For decent Lorentzian manifolds we obtain
Proposition V. Let (M(n+2), g) be a decent Lorentzian manifold and L⊥ a leaf of L⊥. Assume
that, along L⊥, there exists a horizontal and involutive screen distribution S. Then the universal
cover is diffeomorphic toR2× S̃ , where S̃ is the universal cover of a leaf S of S. IfM is compact,
then it is even covered by R2 × S .
Within Chapter 2 we study Lorentzian manifolds with Abelian holonomy which turns
out to be equivalent for the manifold to be a pp-wave, see Proposition 2.2, and with the
obtained results we solve the Problems D and C for the case of compact pp-waves. More-
over, these results lead to a partial answer to the Ehlers-Kundt Problem (Problem G), i.e.
in the compact case. Indeed, as a first step we obtain in Section 2.2 the following two
results.
Theorem VI. For a compact pp-wave the maximal geodesics along the leaves of the parallel
distribution L⊥ are defined on R.
Theorem VII. Let (M(n+2), g) be a pp-wave with parallel light-like vector field V ∈ Γ(TM)
satisfying the following completeness assumptions:
(i) The maximal geodesics along the leaves of L⊥ are defined on R and
(ii) there exists a complete screen vector field Z.
Then, the universal cover M̃ of M is diffeomorphic to Rn+2. Moreover, the universal cover
(M̃, g̃) is globally isometric to a standard pp-wave(
Rn+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdxidxj
)
.
Under this isometry, the lift of the parallel vector field V is mapped to ∂v.
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Combining Theorem VII & VI we finally obtain the following description of the uni-
versal cover solving Problem D for compact pp-waves.
Theorem VIII. The universal cover of an (n + 2)-dimensional compact pp-wave is globally
isometric to a standard pp-wave(
Rn+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdxidxj
)
.
Under this isometry, the lift of the parallel light-like vector field is mapped to ∂v.
Using this description we can investigate in Section 2.3 geodesic completeness of com-
pact pp-waves by applying existing results for geodesic completeness of non-compact
Lorentzian manifolds with parallel light-like vector field. This answers Problem C w.r.t.
compact pp-waves in the context of geodesic completeness.
Theorem IX. Every compact pp-wave is geodesically complete.
Again by applying Theorem VIII we study plane waves in Section 2.4 and we obtain
as a corollary a solution to the Ehlers-Kundt problem in the compact case.
Corollary X. Every compact Ricci-flat pp-wave is a plane wave.
As we have already mentioned earlier, an example for plane waves are Lorentzian
manifolds with essentially parallel Weyl tensor Wg, i.e. with ∇gWg = 0, but neither
Wg = 0 nor ∇gRg = 0. An interesting property of plane waves is to be (locally) homo-
geneous, see e.g. [BO03] and in this spirit we study in Section 2.5 the isometry group of
Lorentzian manifolds with essentially parallel Weyl tensor and prove the following.
Theorem XI. Let (M̃(n+2), g̃) denote a Lorentzian manifold with essentially parallel Weyl ten-
sor as in Proposition 2.32. Then the identity component Isom0(M̃(n+2), g̃) of the isometry group
of (M̃(n+2), g̃) is isomorphic to S n He(n), where S ⊂ SO(n) is a connected Lie subgroup of
SO(n) with Lie algebra s := span{F ∈ so(n) | [A, F] = 0} which is non-trivial if and only if
A ∈ End(V) has at least one eigenspace of dimension greater than one.
In particular we thus obtain an answer to a question of Derdziński posed in [DR07]
in the Lorentzian case, namely:
Corollary XII. A compact Lorentzian manifold with essentially parallel Weyl tensor cannot be
locally homogeneous.
In Chapter 3 we will tackle Problem F by using results in [Lär11], Proposition IV to-
gether with foliation theory and basic resp. twisted cohomology to obtain the following
result which is in some sense a “Lorentzian version” of the classical Bochner result in
the Riemannian case.
Theorem XIII. Let (M(n+2), g) be an orientable (n + 2)-dimensional decent Lorentzian mani-
fold. Assume that the leaves of the codimension one foliation induced by the distribution L⊥ are
compact and Ric |L⊥×L⊥ ≥ 0.
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(i) If M is compact, then b1(M) ≤ n + 2 and b1(M) = n + 2 if and only if M is – up to
finite cover – diffeomorphic (homeomorphic if dimM = 4) to the torus and g has light-like
hypersurface curvature.6
(ii) If M is non-compact, then b1(M) ≤ n + 1 and b1(M) = n + 1 if and only if M is
isometric to R×Tn+1 and g has light-like hypersurface curvature.
In both cases, the leaves of L⊥ are all diffeomorphic to the torus Tn+1.
Last but not least, we use in Chapter 4 a construction of Lorentzian metrics on total
spaces M of circle bundles π : M −→ N over a Riemannian manifold (N , h) with
prescribed first Chern class c1(M) = ω for some ω ∈ H2(N ,Z) which has already been
studied in [Lär11] with a similar motivation to ours. We will examine it in order to
provide partial answers and examples to Problems D & E and finally to Problem A. For
this purpose we start in Section 4.1 with basic computations for these metrics which are
defined as follows. Take any closed 2-form Ψ ∈ Ω2(N ) such that Ψ represents ω in the
de Rham cohomology and a corresponding connection A ∈ Ω1(M, iR) with curvature
FA = dA = −2πiπ∗Ψ. Then we define a Lorentzian metric onM by
g := 2iA π∗η + f · π∗η  π∗η + π∗h
for a nowhere vanishing closed 1-form η ∈ Ω1(N ) and a smooth function f ∈ C∞(M).
We refer to this construction by saying that (M(n+2), g) is of type (Ψ, A, η, f ) over (N , h).
In Section 4.2 we continue the investigation of these manifolds under the viewpoint of
completeness and obtain, together with the results in [Lär11], complete examples with
non-trivial topology and holonomy of type 2, related to Problem E. By computing the
curvature of (M(n+2), g) in Section 4.3 we investigate whether the Lorentzian manifolds
of type (Ψ, A, η, f ) over (N , h) produce examples for Lorentzian Einstein manifolds. As
it turns out, this is only the case if the cosmological constant is zero, i.e. if (M(n+2), g)
is Ricci-flat. Hence we arrive at:
Theorem XIV. Let N := B × S1 or N := B ×R with h := hB ⊕ du2 for an n-dimensional
Riemannian manifold (B, hB). Moreover, let (B, hB) be Ricci-flat and η := du the coordinate
1-form on S1 resp. R. Choose ω ∈ H1dR(B) ∩ H1(B,Z) and a representative α ∈ ω and
consider the S1-bundle π : M −→ N with c1(M) = [α ∧ η]. Finally, choose Ψ := α ∧ η and
f := f̂ ◦ π ∈ C∞(M), where f̂ := fB · fS1 with fB ∈ C∞(B) and fS1 ∈ C∞(S1).
Then, the Lorentzian manifold (M(n+2), g) of type (Ψ, A, η, f ) over (N , h) is Ricci-flat if and
only if ∆hB ( fB) = −4 divhB (α).
The latter theorem thus provides a contribution to Problem A and by applying the
results obtained in Section 4.2 we additionally obtain completeness of the examples.
Corollary XV. Every compact Ricci-flat Lorentzian manifold occurring in Corollary 4.13 is
complete. This even holds for arbitrary fB ∈ C∞(B).
Hence, the presented circle bundle construction produces compact, complete Ricci-
flat Lorentzian manifolds with non-trivial topology. What remains under the viewpoint
6 A decent Lorentzian manifold (M, g) is said to have light-like hypersurface curvature, if and only if the
curvature Rg satisfies Rg(X, Y)W ∈ Γ(L) for all X, Y, W ∈ Γ(L⊥).
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of Problem A is the question about the holonomy of the examples coming from Theo-
rem XIV. Concerning this question we find in Section 4.4, by investigating the universal
cover M̃ ' R2 × S of the Lorentzian manifolds of type (Ψ, A, η, f ) over (N , h) that
Theorem XVI. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h) with
the data chosen as in Theorem XIV and f ∈ C∞(N ) such that HessB f |B is non-degenerate in
a point. Then the full holonomy group is given by
Holx(M(n+2), g) = O ·Hol0q(B, hB)nRn,




−1 ◦ PΘσ | σ ∈ π1(M)
〉
⊂ O(n),
with the notations as in Theorem III. Moreover, we can replace π1(M) by π1(B) in O, if π1(B)
is split.7 In this case we actually have
Holx(M(n+2), g) = Holq(B, hB)nRn.
As a consequence we can – by using Theorem XIV together with Theorem XVI – pro-
duce (complete) examples for Ricci-flat Lorentzian manifolds with prescribed holonomy
and thus arrive at a contribution to Problem A.
Finally, in light of Problem E, we provide in the last Section 4.4 examples for complete
Lorentzian manifolds (M(n+2), g) with holonomy of type 4 and non-trivial topology,
i.e. such that at least the “direction” of the parallel light-like vector field does not split
globally from M. Indeed, the constructed examples are diffeomorphic to S1 ×P ×Rm,
where the parallel light-like vector field is a vector field on P and π : P −→ Tk is a
non-trivial circle bundle over the k-torus. The obtained examples can be summarized as
follows.
Theorem XVII. For each Abelian Riemannian holonomy algebra g ⊂ so(k) there exists a com-
plete indecomposable but non-irreducible Lorentzian manifold with holonomy of type 4 possessing
g as orthogonal part.
7 This is a technical definition which can be found in Section 4.4 as Definition 4.17 on page 78.
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1 P R E L I M I N A R I E S
1.1 lorentzian holonomy groups
Within this section we will explain essentially the facts concerning holonomy theory re-
quired to understand the results of this thesis. Basically, this includes the classical results
in the Riemannian case and the more recent results for Lorentzian manifolds.1 However,
more comprehensive overview articles about holonomy theory of semi-Riemannian2
manifolds can be found e.g. in [LG08, Bau12].
General Facts
A central object of this thesis is the holonomy group of a semi-Riemannian geometric
vector bundle (E,∇E, 〈·, ·〉) over a manifold M(n+2) and in particular the holonomy of
semi-Riemannian manifolds (M(n+2), g).
Definition 1.1. Let (E,∇E, 〈·, ·〉) be a geometric vector bundle of rank k ∈ N over a manifold
M(n+2) with semi-Riemannian bundle metric 〈·, ·〉 of signature (p, q) with p + q = k. We
denote with
Holx(E,∇E) := {PEγ | γ ∈ Ω(x)} ⊂ O(Ex, 〈·, ·〉x) ' O(p, q)
the holonomy group of (E,∇E, 〈·, ·〉) in x ∈ M and by
Hol0x(E,∇E) := {PEγ | γ ∈ Ω0(x)} ⊂ O(Ex, 〈·, ·〉x) ' O(p, q)
the reduced holonomy group of (E,∇E, 〈·, ·〉) in x ∈ M. Here, PEγ denotes the parallel
displacement along γ w.r.t. the connection of ∇E, Ω(x) denotes the set of piecewise smooth
curves closed in x ∈ M and Ω0(x) the subset of curves in Ω(x) which are null-homotopic.
For a semi-Riemannian manifold (M(n+2), g) we denote with Hol(0)x (M(n+2), g) the (re-
duced) holonomy of (TM,∇g, g), where ∇g denotes the Levi-Civita connection of g.
If y ∈ M is another point, then the holonomy groups in x and y are conjugated:




with σ denoting a smooth curve connecting x and y. Hence it makes sense to talk about
the holonomy group of (M, g), omitting the point x ∈ M.
1 Within this thesis, all manifolds are assumed to be smooth, connected and without boundary.
2 We call a metric semi-Riemannian if it has arbitrary signature (p, q) where p is the number of −1 and q the
number of +1 in its normal form. We say that it is Riemannian, if it has signature (0, q) and Lorentzian if it
has signature (1, q).
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The reduced holonomy group Hol0x(M(n+2), g) is the connected component of the
identity in Holx(M(n+2), g) [Bes87, 10.48]. Moreover, the reduced holonomy group is a
normal subgroup in the whole holonomy group and for all x ∈ M the map
π1(M, x) 3 [γ] 7−→ [P
g
γ ] ∈ Holx(M, g)/ Hol0x(M, g) (1.1)
surjects π1(M, x) homomorphically onto Hx := Holx(M, g)/ Hol0x(M, g) [Bes87, 10.15].
In particular, the quotient group Hx is at most countable as so is π1(M, x). If (M̃, g̃) is
the universal cover of (M(n+2), g) with π : M̃ −→M denoting the covering map, then
every null-homotopic loop in M lifts to a null-homotopic loop in M̃. Hence, for every
x̃ ∈ M̃:
Hol0π(x̃)(M(n+2), g) ∼= Holx̃(M̃(n+2), g̃). (1.2)
With this fact in mind we see that the following recent result [BLL14, Proposition 3]
generalizes (1.1) appropriately.
Proposition 1.2. Let (M, g) be a semi-Riemannian manifold and π : (M̂, ĝ) −→ (M, g) a
semi-Riemannian covering map. Then, for any x ∈ M and x̂ ∈ π−1(x) we have:
(i) For any loop γ̂ at x̂, the homomorphism ι : P ĝγ̂ 7−→ P
g
π◦γ̂ is injective and the image of
Holx̂(M̂, ĝ) under ι is normal in Holx(M, g).
(ii) Π : π1(M) 3 σ 7−→ [Pγ] ∈ Holx(M, g)/ Holx̂(M̂, ĝ) is a surjective homomorphism,
where σ is interpreted as an element of the isometry group of (M̂, ĝ) and γ is a loop at x
whose lift starts at x̂ and ends in σ−1(x̂).
(iii) For any loop γ at x it holds P gγ = dσσ−1(x̂) ◦ P
ĝ
γ̂, where γ̂ is the lift of γ starting at x̂
and ending in σ−1(x̂) for σ ∈ π1(M). In particular, Q(σ) := (dσ−1|x)−1 ◦ P
ĝ
γ̂ is a
representative of Π(σ) and hence
Holx(M, g) = Q · ι(Holx̂(M̂, ĝ))
with Q denoting the group generated by the Q(σ), σ ∈ π1(M).
Finally, we point out that, given a semi-Riemannian product (M, g) = (M1, g1) ×
(M2, g2), the holonomy of (M, g) is simply the product of the holonomy of (M1, g1)
and (M2, g2), [Bes87, 10.35], i.e.
Hol(x1,x2)(M, g) = Holx1(M1, g1)×Holx2(M2, g2). (1.3)
Being a Lie group, the holonomy group of a semi-Riemannian manifold has a corres-
ponding Lie algebra, the holonomy algbra of holx(M, g), denoted holx(M, g). The well-
known Holonomy Theorem of Ambrose and Singer states that the holonomy algebra can be
computed as
holx(M, g) = span{(P
g
γ)




γ | v, w ∈ TxM, γ(0) = x}, (1.4)
with Rg denoting the Riemannian curvature tensor.3 This already gives an idea why it
is often less complicated to compute the reduced instead of the full holonomy group of
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a manifold. However, we will tackle both problems for various Lorentzian manifolds
within this thesis.
One of the most important reasons why mathematicians are interested in holonomy
of semi-Riemannian manifolds is their close relation to parallel tensors on the manifolds.
This is the essence of the so called holonomy principle which can be summarized as the
following theorem.
Theorem 1.3. Let (M, g) be a semi-Riemannian manifold. For any tensor bundle T on (M, g)
there is the bijective correspondence{




T ∈ T | ∇T T = 0
}
with ∇T denoting the connection induced on T via the Levi-Civita connection of g.
According to this, the existence of holonomy invariant subspaces E ⊂ TxM of the
tangent space seem to be of high importance. Consequently, the natural representation
of Holx(M, g) on O(TxM), denoted by
ρ : Holx(M, g) −→ O(TxM, gx),
is named irreducible, if there exists no proper holonomy invariant subspace E ⊂ TxM
and weakly-irreducible if there no proper non-degenerate holonomy invariant subspace.
For short we say that a semi-Riemannian manifold is (weakly-)irreducible, if so is its
holonomy representation ρ. It is also common to call weakly-irreducible manifolds
indecomposable meaning that their holonomy representation does not decompose into
non-degenerate sub-representations.4 Obviously, every indecomposable Riemannian
manifold is also irreducible. However, for semi-Riemannian manifolds which are not
Riemannian, this is in general not correct and makes it more difficult to classify their
holonomy groups.
Nevertheless, the starting point in the classification of holonomy groups is the de
Rham/Wu decomposition theorem [DR52, Wu64].
Theorem 1.4. Any simply-connected, geodesically complete semi-Riemannian manifold is glob-
ally isometric to a product of a flat manifold (which is possibly zero dimensional) and indecom-
posable non-flat manifolds.
As a result, an indecomposable semi-Riemannian manifold cannot, even locally, de-
compose and due to (1.3) the problem of classifying holonomy representations reduces
to the case of classifying the indecomposable semi-Riemannian manifolds. For the irre-
ducible case, the possible holonomy groups are well-known. For symmetric spaces one
can consult e.g. [Bes87, Section 10.G] or [Ber57]. For the non-symmetric cases these
were classified by Berger [Ber55]. His list contains the possible irreducible holonomy
groups of simply-connected, not locally-symmetric semi-Riemannian manifolds and is
commonly referred to as Berger’s list.
4 Note that for every holonomy invariant subspace E, its orthogonal complement E⊥ is holonomy invariant,
too. If the metric is non-degenerate on E it so is on E⊥ and we obtain a decomposition Tx M = E⊕ E⊥.
Hence ρ decomposes into two sub-representations in this case.
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Riemannian and Lorentzian Holonomy
At this point we begin to restrict our introduction into holonomy theory to the cases
of Riemannian and Lorentzian geometries since these are studied in this thesis. In the
Riemannian case, the above mentioned Berger list contains only the groups SO(n), U( n2 ),




4 ) · Sp(1), G2 and Spin(7), where n is the dimension of the manifold.
In view of Chapter 4, we stress that the only Riemannian holonomy groups of this
list not implying vanishing Ricci curvature are SO(n), U( n2 ) (Kähler manifolds) and
Sp( n4 ) · Sp(1) (quaternionic Kähler manifolds). As we will see in the next paragraph, the
Riemannian holonomy groups do also play an important role within the classification
of the indecomposable but non-irreducible Lorentzian holonomy groups.
If we take a closer look into Berger’s list, it is conspicuous that, except for SO0(1, n+ 1),
it does not contain a subgroup of the Lorentz group O(1, n+ 1). Actually, this is a special
property in Lorentzian signature and a consequence of the following fact [DSO01].
Theorem 1.5. Any connected Lie subgroup of O(1, n + 1) acting irreducibly on R1,n+1 is equal
to SO0(1, n + 1).
This theorem motivates to make the following definition clarifying the title of this
thesis.
Definition 1.6. A Lorentzian manifold whose holonomy representation acts indecomposably but
non-irreducibly is said to have special holonomy.
Due to Theorem 1.5 every Lorentzian manifold whose reduced holonomy group not
equals SO0(1, n + 1) has to have special holonomy. Consequently, its holonomy repre-
sentation ρ needs to preserve a degenerate subspace W ⊂ TxM and hence a holonomy
invariant light-like line L := W ∩W⊥g . By the holonomy principle (Theorem 1.3), the
holonomy group Holx(M(n+2), g) is contained in the stabilizer O(TxM, gx)L of L in
O(TxM, gx). To describe the stabilizer in more detail, let v, e1, . . . , en, w be a basis of
(TxM, gx) such that gx takes the form0 0 10 In 0
1 0 0
 , (1.5)
with In denoting the (n× n)-identity matrix and such that L = Rv. Then









∣∣∣∣∣∣∣ a ∈ R∗, x ∈ Rn, A ∈ O(n)
 (1.6)
and for the Lie algebra
so(TxM, gx)L = (R⊕ so(n))nRn
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=

a xt 00 A −x
0 0 −a

∣∣∣∣∣∣∣ a ∈ R, x ∈ Rn, A ∈ so(n)
 (1.7)
w.r.t. a basis such that gx takes the form (1.5). As a first step, Bérard-Bergery and
Ikemakhen determined the possible algebraic types of weakly-irreducible subalgebras
of so(TxM, gx)L, cf. [BBI93].
Theorem 1.7. Let h ⊂ so(1, n + 1)L be a weakly-irreducible subalgebra and let g := prso(n)(h)
denote the orthogonal part. Then h belongs to one of the following types:
Type 1: h = (R⊕ g)nRn,
Type 2: h = gnRn,
Type 3: h = {(ϕ(X), X + Y, z) | X ∈ z(g), Y ∈ [g, g], z ∈ Rn}, where ϕ : z(g) − R is a
surjective homomorphism,
Type 4: h = {(0, X +Y, ϕ(X) + z) | X ∈ z(g), Y ∈ [g, g], z ∈ Rk}, where Rn = Rm ⊕Rk,
0 < m < n, g ⊂ so(k) and ϕ : z(g) − Rm is a surjective homomorphism.
We will say that a Lorentzian manifold has holonomy of type 1,2,3 or 4, if its holonomy
algebra is of this type.
Due to Theorem 1.7 the classification of Lorentzian holonomy algebras is reduced to
the study of the orthogonal parts g = prso(n)(hol(M(n+2), g)). Of course, this is the point
were the Riemannian holonomy groups come into play again. Namely, Leistner and
Galaev proved the following [Lei07, Gal06].
Theorem 1.8. Let H ⊂ SO0(1, n + 1) be a connected subgroup acting indecomposably but non-
irreducibly. Then H is the reduced holonomy group of a Lorentzian manifold if and only if its
orthogonal part is a Riemannian holonomy group.
The orthogonal part g can be described differently. Recall that a Lorentzian manifold
(M(n+2), g) with special holonomy admits a holonomy invariant light-like line L in each
point of the manifold. Via parallel translation this gives rise to a parallel line subbundle
L of the tangent bundle and since L ⊂ L⊥ additionally implies a parallel codimension
one subbundle L⊥. We obtain a filtration
L ⊂ L⊥ ⊂ TM (1.8)
of the tangent bundle. The quotient
Σ := L⊥/L (1.9)
then gives rise to an n-dimensional vector bundle overM and inherits a connection ∇Σ
from the Levi-Civita connection ∇g. This is due to the fact that the subbundles L and
L⊥ are parallel w.r.t. ∇g since they are holonomy invariant. Hence, for all X ∈ Γ(TM)
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with [·] : L⊥ − Σ. Moreover, Σ can be equipped with a positive definite bundle metric
〈·, ·〉Σ induced by g:
〈[X], [Y]〉Σ := g(X, Y), (1.11)
with X, Y ∈ Γ(L⊥). The importance of Σ will be intensively discussed within the next
section. But at this point we may cite the following alternative description of the or-
thogonal part of the holonomy group, cf. [Lei06, Corollary 1] and [BLL14, Proposition
2]:
Proposition 1.9. Holx(Σ,∇Σ) = prO(n)(Holx(M(n+2), g)).
For Lorentzian manifolds with special holonomy the metric g has a certain local de-
scription which is due to Walker [Wal50]
Theorem 1.10. Let (M(n+2), g) be a Lorentzian manifold with special holonomy. Then around
any point x ∈ M there are coordinates (U , (v, x1, . . . , xn, u)) such that the metric g takes the
form









with Ai, hij ∈ C∞(U ) s.t. ∂Ai∂v =
∂hij
∂v = 0 and H ∈ C∞(U ). In this coordinates the parallel
light-like line is spanned by ∂v.
We end this section with examples for Lorentzian manifolds with special holonomy of
type 1 and type 2. Of course, for the types 3 and 4 only few examples exist [Gal06, Baz09,
Lei06] and in Chapter 4 we provide some new examples at least for type 4. However, to
construct Lorentzian manifolds with holonomy of type 1 or 2 one can use the following
construction principle, cf. [Lei02], [BLL14, Proposition 4].
Theorem 1.11. LetM := R2×N and g = 2dudv + 2Hdu2 + h with (N , h) a n-dimensional
Riemannian manifold. Then (M, g) has full holonomy
Hol(M, g) =
Hol(N , h)nRn, ∂vH = 0,(R+ ×Hol(N , h))nRn, ∂vH 6= 0.
In particular (M, g) is time-orientable5.
More generally, consider R2 ×N equipped with a metric g̃ of the form
g̃(u,v,p) = 2dudv + H(u, p)du
2 + Au  du + hp (1.13)
with A = {Au} a family of one-forms on N and (N , h) a simply-connected Riemannian
manifold. In order to describe the full holonomy of Lorentzian manifolds (M(n+2), g)
whose universal cover is isometric to R2 ×N with a metric of the form (1.13) we can
use the following adaption of Proposition 1.2.
5 A Lorentzian manifold (M, g) is said to be time-orientable if and only if it admits a nowhere vanishing
timelike vector field X, i.e. with g(X, X) < 0.
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Theorem 1.12 ([BLL14, Theorem 3]). Let (M(n+2), g) be a Lorentzian manifold with special
holonomy universally covered by (M̃, g̃) with M̃ = R2 ×N and g̃ as in (1.13). Then each
isometry σ of (M̃, g̃) is of the form6
σ(u, v, p) = (a−1σ u + bσ, aσv + τσ(u, v, p), νσ(u, v, p)) (1.14)
with aσ ∈ R∗, bσ ∈ R, τσ ∈ C∞(M̃) with ∂v(τσ) = 0 and smooth νσ : M̃ −→ N such that
∂v(νσ) = 0 and ν(u, v, ·) is an isometry of (N , h) for all u, v ∈ R. Then we find
Holx(M(n+2), g) = Q ·Holx̃(M̃(n+2), g̃) = Q ·Hol0x(M(n+2), g),
where Φ : M̃ −→M denotes the universal covering, x̃ = (u, v, p), Φ(x̃) = x, and
Q := 〈Q(σ) | σ ∈ π1(M)〉 ⊂ R∗ ×O(n)
with Q(σ) := (aσ, dµ−1σ−1 ◦ P
h
σ). Here, µσ := νσ(u, v, ·) and Phσ is the parallel transport w.r.t. h
along some curve in N from p to µσ−1(p).
1.2 screen bundles
We have already seen in the last section that the n-dimensional vector bundle Σ = L⊥/L
has a close relation to the Lorentzian manifold with special holonomy it is defined for.
As we will see it plays an essential role in the study of Lorentzian manifolds with special
holonomy and it is worth to give it a distinguished name (see the definition below).
Screen Bundles and Screen Distributions
Note that Σ fits into the exact sequence
0 −→ L ↪−−→ L⊥ − Σ −→ 0. (1.15)
A non-canonical splitting s : Σ −→ L⊥ of this sequence7 gives rise to an n-dimensional
subbundle S := s(Σ) of the tangent bundle TM.
Definition 1.13. Let (M(n+2), g) be a Lorentzian manifold with special holonomy. The n-
dimensional vector bundle Σ = L⊥/L is called screen bundle of (M, g) and any realization
S of Σ as a splitting of (1.15) is called a screen distribution. The holonomy Hol(Σ,∇Σ) is
called the screen holonomy.
We stress that S is far from being unique and the existence of particular realizations
of the screen bundle is an interesting question, as we will see later in this section.
As Σ, any screen distribution S comes with a connection ∇S induced by the Levi-
Civita connection of g via
∇SXS := prS ◦∇
g
XS (1.16)
6 In [BLL14, Theorem 3] the 1-forms Au within the metric g do not appear. However, following the argumen-
tation in [BLL14] it is not hard to see that even with the Au, every isometry has to have the form (1.14).
7 Using a partition of unity ofM such a splitting always exists.
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for X ∈ Γ(TM), S ∈ Γ(S) and a metric h := g|S×S. Taking into account the bundle
isomorphism S ∼= Σ induced by [·], we see that Hol(Σ,∇Σ) ∼= Hol(S,∇S).
There is another description of a screen distribution S which turns out to be very use-
ful in many cases. Assume that the line bundle L admits a global nowhere vanishing
section V ∈ Γ(TM), which is equivalent to prR(Hol(M, g)) ⊂ R+ or time-orientability
of (M, g), cf. [BLL14, Proposition 2]. In this case, the bundle of light-like lines transver-
sal to L⊥ has a global nowhere-vanishing section Z ∈ Γ(TM) with g(V, Z) = 1. For
a time-orientable Lorentzian manifold with special holonomy, a light-like vector field Z
with g(V, Z) = 1 is called screen vector field due to the following correspondence:
Z ∈ {Screen vector fields}
∼=←→ S = V⊥g ∩ Z⊥g ∈ {Screen distributions} (1.17)
The screen vector fields give in general a better chance to distinguish the possible real-
izations of the screen bundle Σ.
Since in this thesis we only consider Lorentzian manifolds with special holonomy
which admit a global nowhere vanishing light-like vector field V ∈ Γ(TM) which spans
L, we make the following commitment.
Assume henceforth that all considered Lorentzian manifolds are time-oriented.
Note that if V ∈ Γ(L) exists, then V is necessarily recurrent, i.e.
∇gV = β⊗V (1.18)
for some β ∈ Ω1(M), since L is parallel. We stress that for some purposes it will be
necessary to assume that the 1-form β satisfies ker β = L⊥.
Definition 1.14 ([Lär11]). A time-orientable Lorentzian manifold with special holonomy and
ker β = L⊥ is called decent.
Given a Lorentzian manifold (M, g) with special holonomy and a screen vector field
Z ∈ Γ(TM) and hence a screen distribution S = V⊥g ∩ Z⊥g we can define an associated
Riemannian metric gR onM by
gR(V, ·) := g(Z, ·), gR(Z, ·) := g(V, ·), gR(X, ·) := g(X, ·) for X ∈ Γ(S) (1.19)
and extension by linearity. At a first glance, this seems not to give anything new but in
the next section we will see the high importance of this metric. Informally, its relevance
comes from the fact that it connects the study of the Lorentzian manifolds to Riemannian
geometry. A first property is the following: let ∇R denote the Levi-Civita connection to
gR. Then we see that:
Lemma 1.15. For a decent Lorentzian manifold, any screen vector field Z ∈ Γ(TM) is geodesic
w.r.t. its associated Riemannian metric gR in (1.19).
Proof. Let S := V⊥g ∩ Z⊥g . Since ∇gXZ ∈ Γ(S) for all X ∈ Γ(L⊥), we see that [X, Z] ∈
Γ(L⊥) and thus ∇RZZ = 0 by the Koszul formula for gR and the fact that L⊥ =
ker gR(Z, ·).
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Horizontal and Involutive Screen Distributions
Observe that both, L and L⊥ are integrable distributions since they are parallel w.r.t.
the Levi-Civita connection of g. Throughout this thesis we usually denote with Lx and
L⊥x the maximal integral manifolds to L and L⊥ through x ∈ M, respectively. By the
Frobenius theorem, these are given by
Lx = {y ∈ M | ex. γ : [0, 1] −→M, γ(0) = x, γ(1) = y and γ̇ ∈ L},
L⊥x = {y ∈ M | ex. γ : [0, 1] −→M, γ(0) = x, γ(1) = y and γ̇ ∈ L⊥}.
Of course, a realization S of the screen bundle Σ = L⊥/L is in general not involutive.
We thus make the following definitions.
Definition 1.16. A realization S of the screen bundle Σ is called involutive or integrable if so
is the distribution S ⊂ TM itself and horizontal if [Γ(L), Γ(S)] ⊂ Γ(S).
For example, in the Walker coordinates (1.12), a horizontal realization S is spanned by
∂1 + A1∂v, . . . , ∂n + An∂v and if the coefficients Ai constitute an u-dependent family of
closed 1-forms on {u, v ≡ const}, then S is involutive. The corresponding screen vector
field is given by Z = ∂u − H∂v − 2 ∑ni,j=1 gij Ai∂j, where (gij) is the inverse of (gij).
The following lemma provides a first characterization of horizontal and involutive
screen distributions in terms of its associated screen vector field.
Lemma 1.17. A realization S is involutive and horizontal if and only if dZ[|L⊥∧L⊥ = 0, which
is equivalent to V[ ∧ dZ[ = 0.
Assume that the screen bundle Σ −→ M is globally trivializable, i.e. it admits n
linearly independent global sections σ1, . . . , σn ∈ Γ(Σ). Then we have another character-
ization by the following result.
Lemma 1.18. Let (M(n+2), g) be a Lorentzian manifold with special holonomy, S be a screen
distribution and Z ∈ Γ(TM) the corresponding screen vector field. Assume that the screen
bundle is globally trivial. Then there exists a global orthonormal frame field S1, . . . , Sn of S.
Furthermore, S is horizontal if and only if the global 1-forms αi ∈ Ω1(M) defined by
αi := g(∇gSi, Z), (1.20)
satisfy
αi(V) = β(V), (1.21)
for β as in (1.18) and S is involutive if and only if
αi(Sj)− αj(Si) = 0. (1.22)
Proof. Let S be a screen distribution. Then the bundle projection [·] : S − Σ can be
used to define a global frame field S1, . . . , Sn for S from a trivialization of Σ. Then, since
[V, Si] = αi(V)− β(Si), the identity αi(V) = g(∇
g
VSi, Z) = g([V, Si], Z) shows this first
equivalence and αi(Sj)− αj(Si) = g([Sj, Si], Z) the second one.
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Now we compute the difference between two screen vector fields and their screen
distributions, still under the assumption that the screen bundle Σ is globally trivial.
Then, if S and Ŝ are two screen distributions, the sections σi define sections Si ∈ Γ(S)
and Ŝi ∈ Γ(Ŝ), i = 1, . . . , n, both orthonormal with respect to g, which are related by
Ŝi = Si − biV 7−→ σi = [Si] ∈ Γ(Σ),
for smooth functions bi ∈ C∞(M). The corresponding screen vector fields Z and Ẑ are
then related by











and for the differentials of the duals we get









Then, computing the differentials of Z[ and dS[i we get
dZ[ = S[k ∧ αk + Z[ ∧ β
with αk defined in (1.20), and
dS[i = ω
k
i ∧ S[k + αi ∧V[,





This allows us to express the differential of Ẑ[ in terms of a basis of the old screen, its
connection coefficients and the functions bi as
dẐ[ = Z[ ∧ β + (dbk − αk + blω kl ) ∧ S[k + bk(αk − dbk − 12 b
kβ) ∧V[,
in which we omit the sum symbol and use the summation convention. This, together
with Lemma 1.17 gives us
Proposition 1.19. Let (M(n+2), g) be a decent Lorentzian manifold. Assume that the screen
bundle is globally trivial and a realization S is defined by global sections S1, . . . , Sn with associ-
ated screen vector field Z. Let αi and ω ji be the corresponding connection forms defined in (1.20)
and (1.23). Then there is an involutive and horizontal screen distribution if and only if there are
smooth functions b1, . . . , bn onM which are solutions to the differential system
0 = (dbk − αk + blω kl ) ∧ S[k on L⊥ ∧L⊥. (1.24)
In particular, if there exist functions bi such that
(dbi − αi + bkω ik ) = 0 on L⊥, (1.25)
then there is a horizontal and involutive screen distribution spanned by Si − biV.
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Finally, we arrive at a third characterization for horizontality involving the Rieman-
nian metric gR associated to a given screen distribution.
Proposition 1.20. Let (M(n+2), g) be a decent Lorentzian manifold and S a screen distribution.
Denote with gR be the corresponding Riemannian metric defined in (1.19). Then S is horizontal
if and only if
(LV gR)|L⊥×L⊥ = 0,
where L denotes the Lie derivative.
Proof. Since gR and g coincide on S× S we have that (LV gR)(X, Y) = (LV g)(X, Y) = 0
for all X, Y ∈ Γ(S). Hence, the only non-vanishing terms of (LV gR)|L⊥×L⊥ are
(LV gR)(V, X) = gR([X, V], V) = g([X, V], Z)
for X ∈ Γ(S). But these vanish if and only if S is horizontal.
For the remainder of this section we fix a maximal integral manifold L⊥ to the ∇g-
parallel distribution L⊥. By a screen distribution S along L⊥ we mean the vector bundle
S −→ L⊥ obtained by restricting S to L⊥. If such a screen along L⊥ is involutive and hor-
izontal then this has deep consequences on the geometry of the associated Riemannian
metric gR, restricted to L⊥. Let h denote this metric on L⊥ . To compare the induced
connection ∇g|L⊥ on L⊥ by g and ∇h, we define the potential P as
P := ∇g|L⊥ −∇h. (1.26)
Then we find:
Proposition 1.21. Let (M(n+2), g) be a Lorentzian manifold with special holonomy and V a
global nowhere vanishing light-like vector field spanning L. Assume that, along L⊥, there exists
a horizontal and involutive realization S of the screen bundle. Then the potential P takes only
values in L and the recurrent vector field V onM is parallel w.r.t. metric h on L⊥. In particular
this implies that
[Rg(X, Y)− Rh(X, Y)]W ∈ Γ(V) for all X, Y, W ∈ Γ(L⊥) (1.27)
and for the Ricci curvature Ricg |L⊥×L⊥ = Rich.
Proof. For V ∈ Γ(TM) we have that ∇gV = β ⊗ V for some β ∈ Ω1(M). Since
h(V, V) = 1, see (1.19), we obtain h(∇hV, V) = 0. Moreover, applying the horizontality
and involutivity property of S, we see by the Koszul formula for h that








all Si ∈ Γ(S) we obtain P(X, Y) ∈ Γ(L) for all X, Y ∈ Γ(TL⊥).
Imposing on the screen bundle Σ not only that it is trivial but further that its screen
holonomy is trivial, we can strengthen the previous proposition to the following result.
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Proposition 1.22. Let (M(n+2), g) be a Lorentzian manifold with special holonomy and trivial
screen holonomy. Assume that, along L⊥, there exists a horizontal and involutive realization S
of the screen bundle. Then the Riemannian manifold (L⊥, h) is flat and every ∇Σ-parallel frame
descends to a h-parallel frame.
Proof. Since Σ is assumed to have trivial holonomy, i.e. Hol(Σ,∇Σ) = {id}, by the
holonomy principle we find global basis sections σi of Σ such that ∇Σσi = 0, i = 1, . . . , n.
Hence, for any given screen distribution S, the induced frame fields Si satisfy [∇
g
XSi] =
∇ΣXσi = 0 and thus ∇gSi = αi ⊗V. Therefore:
g(∇gXSi, Y) = 0
for all X, Y ∈ Γ(TL⊥). Writing out the Koszul formula for this term we get
0 = X(g(Si, Y)) + Si(g(X, Y))−Y(g(Si, X))
+ g([X, Si], Y) + g([Y, Si], X) + g([Y, X], Si)
This equation holds for all X, Y ∈ Γ(TL⊥), but, since S was assumed to be horizontal
and involutive, we have that the brackets [X, Si], [Y, Si] and [X, Y] are in S. Hence, when
recalling the definition of h in (1.19), in the above expression we can replace the metric
g by the Riemannian metric h on L⊥, which shows that
h(∇hXSi, Y) = 0.
Hence, the Si are parallel vector fields on (L⊥, h). But we have already seen in Propo-
sition 1.21 that V is also parallel for h. Hence, we have a h-orthonormal frame of L⊥
which is parallel for ∇h yielding the flatness of (L⊥, h).
1.3 foliations
We point out that the literature knows various different but equivalent definitions for
foliations, see e.g. [MM03, Section 1.2]. We thus choose the definition which is best-
suited for our purposes and follow [CC00].
General Facts
Let M be an (n + 2)-dimensional manifold and let q ∈ N with 0 < q < n + 2. A
foliated chart of codimension q is a pair (U , ϕ) consisting of an open subset U ⊂ M and a
diffeomorphism
ϕ : U ⊂ M −→ V⊥ × Vt ⊂ Rn+2 = Rn+2−q ×Rq (1.28)
with V⊥ ⊂ Rn+2−q and Vt ⊂ Rq. A set
Qc := ϕ−1(V⊥ × {c})
for c ∈ Rq is called a plaque of the foliated chart (U , ϕ).
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Definition 1.23. Let F =
⊔
λ∈Λ Lλ be a disjoint union of connected, immersed submanifolds
of dimension n + 2− q. Then F is said to be a foliation of M of codimension q, if and
only if there exists an atlas A of foliated charts such that for each λ ∈ Λ and (U , ϕ) ∈ A, the
intersection Lλ ∩ U (if non-empty) is a union of plaques.
We see that, given a foliated chart (U , ϕ), its plaques QU are the connected compo-
nents of the intersection of U with a leaf. For a foliated manifoldM by F we write for
short (M, F ) and with TF we denote the distribution induced by the tangent spaces
of the leaves of F .
Since we will make use of it, we point out that for foliations there another concept of
holonomy called the leaf holonomy. To be self-contained and avoid confusion we will very
briefly introduce this concept here, while there is no need to go into details. Namely, we
only use it once in Chapter 3 where we use a classical result about foliations with trivial
holonomy. An elaborated introduction can be found e.g. in [CC00, MM03].
The basic idea of the holonomy of a foliation F is to encode information about the
behavior nearby curves γ : [0, 1] −→ L inside of leaves. To achieve this, let γ(0) = x0
and γ(1) = x1. For simplicity we may assume that there is a foliated chart (U , ϕ) such
that γ([0, 1]) ⊂ U . Hence, im γ ⊂ QU . Let T0 and T1 be transversals through x0 resp. x1,
i.e. Ti = ϕ−1({bi} × Vt) for some bi ∈ Rn+2−q. Then there is a local diffeomorphism hU :
U0 ⊂ T0 −→ U1 ⊂ T1 with h(x0) = x1 and prRq ◦h ◦ ϕ|U0 = prRq ◦ϕ|U0 . Choosing another
foliated chart (V , ψ) the maps hU and hV coincide on some small neighborhood and
thus, γ determines a germ hγ at x0. This germ now satisfies some relevant properties:
it is independent of the chosen transversals, homotopic curves give rise to the same hγ
and if δ : [0, 1] −→ L is another path from x1 to x2 then hδ∗γ = hδ ◦ hγ, where δ ∗ γ is the
concatenation of δ and γ. This together gives a homomorphism
hol : π1(L, x0) −→ {Germs of diffeomorphisms of Rq based at 0},
whose image Hol(L) := hol(π1(L, x0)) is the leaf holonomy of the foliation F .
Lorentzian manifolds with special holonomy own a codimension one foliation in-
duced by L⊥. If they are further decent, i.e. admit a global recurrent light-like vector
field V with ∇gV = β⊗V and ker β = L⊥ then this foliation is given by the kernel of a
closed one form V[. Therefore we may summarize some results dealing with this class
of foliations.
Theorem 1.24. Let (M, F ) be a foliated manifold, where F is defined by a closed non-singular
1-form. Then F exhibits the following properties.
(i) All leaves of F have trivial lead holonomy [CN85, p. 80].
(ii) IfM is closed then all leaves are diffeomorphic [Ton97, Corollary 3.31].
(iii) If all leaves are compact, the foliation arises as the fibers of a fibrationM−→M/F with
M/F ∈ {R, S1} [Sha97, Corollary 8.6].8
Let (M, F ) be a foliated manifold and denote with Q := TM/TF its normal bundle.
A codimension one foliation F on M is called transversally parallelizable, if there is a
8 WithM/F we denote the leaf space which is the topological spaceM/∼ with x ∼ y if and only if they are
contained in a common leaf.
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global vector field Z ∈ Γ(TM) such that [TF , Z] ⊂ TF and Q = R · prQ(Z) and it is
called complete transversally parallelizable if Z is complete. We summarize the results of
[Con74] about transversally parallelizable foliations in the following theorem.
Theorem 1.25. Let (M, F ) be a foliated manifold and F a complete transversally parallelizable
codimension one foliation. Then it holds:
(i) All leaves are diffeomorphic.
(ii) Either all leaves are closed or all leaves are dense inM.
(iii) The universal cover of M is diffeomorphic to R× L̃, where L̃ is the universal cover of a
distinguished leaf.
In the setting of decent Lorentzian manifolds, it is not hard so see that the foliation
induced by ker V[ is transversally parallelizable, where any screen vector field provides
a required transversal section Z ∈ Γ(TM) [Lär11, Lemma 2.47].
Foliations and Riemannian Geometry
Foliations show their importance in particular in combination with certain Riemannian
metrics on the foliated manifoldM. As we will see, the existence of Riemannian metrics
with particular properties is in close coherence to the structure and geometry of the
foliation. Let us begin with an important observation which takes a key role in many
results of this thesis. Although its seems to be well-known [Con08, Example 10.4.28] we
could not find a reference including a complete proof, hence we present it here.
Proposition 1.26. Let (M, h) be a Riemannian manifold and F a foliation of M. If (M, h)
is geodesically complete, then so is every leaf L of the foliation w.r.t. its induced Riemannian
metric.
Proof. Let d and dL denote the Riemannian distance functions w.r.t. h and hL, respec-
tively, where hL is the induced Riemannian metric on the immersed submanifold L of
M. Let {xk}k∈N be a dL-Cauchy sequence in L. Since d ≤ dL, the sequence {xk}k∈N is
also d-Cauchy and hence it converges to some x ∈ M.
Let (U , ϕ) and (V , ψ) denote foliated charts around x, s.t. U ⊂ U ⊂ V and ψ|U = φ, cf.
[CC00, Lemma 11.2.9]. Hence, if QU , QV are plaques of U resp. V , it holds
QU ⊂ QU ⊂ QV . (1.29)
Of course, this implies that if we could show that all but finitely many points xk lie in a
single plaque QU , then some plaque QV must also contain x and hence so does the leaf
L.
Let ε > 0 s.t. the geodesic ball Bε(x) = {y ∈ M | d(x, y) < ε} of radius ε is contained
in U . Moreover, let n0 ∈ N s.t. d(x, xk) < ε2 and dL(xk, xl) <
ε
2 for all k, l ≥ n0. Suppose
that xk and xl for k 6= l and k, l ≥ n0 lie in different plaques. Then every path in L
connecting xk and xl must leave Bε(x) since otherwise xk and xl would be contained in
the same connected component of Bε(x) ∩ L and hence also in a common plaque QU , a
contradiction. Since dL(xk, xl) < ε2 , there is a path γ in L connecting xk and xl whose
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length `(γ) is bounded by ε2 . Let δ be the piecewise smooth path in M constructed by
first connecting x and xk via a minimizing h-geodesic σ and then connecting xk and xl
via γ. One the one hand, δ is a path connecting x with xl but leaving Bε(x) whence
`(δ) ≥ ε. On the other hand,
`(δ) = `(σ) + `(γ) = d(x, xk) + `(γ) < ε2 +
ε
2 = ε
and we arrive in a contradiction. We deduce that all xk, k ≥ n0, lie in a single plaque QU
and this completes the proof.
The previous result involves a certain property of the foliation charts of a foliated
manifold but makes at no other point use of an interplay of the Riemannian metric and
the foliation. This is now changed in the following definition.
Definition 1.27. Given a foliated manifold (M, F ) and a Riemannian metric h onM, then h
is said to be bundle-like for (M, F ), if and only if (LXh)(Z1, Z2) = 0 for all X ∈ Γ(TF )
and Zi ∈ Γ(TF⊥h). In this case, (M, F , h) is called a Riemannian foliation.
Given a foliated manifold (M, F , h) with Riemannian metric h, the normal bundle
Q := TM/TF fits into an exact sequence
0 −→ TF −→ TM π−→ Q −→ 0
and for a splitting s : Q → TF⊥h the metric h induces a transversal metric hT on Q by
hT := s∗h|TF⊥h . We define a connection on Q by
∇TX ϕ :=
π(∇hXYϕ), X ∈ Γ(TF⊥h),π([X, Yϕ]), X ∈ Γ(TF ), (1.30)
for any ϕ ∈ Γ(Q) and s(ϕ) = Yϕ. It is torsion-free [Ton97, Proposition 3.8] and if h is
bundle-like, it is metric [Ton97, Theorem 5.8]. Moreover, if h1 and h2 are two bundle-like
metrics w.r.t. (M, F ) such that hT1 = hT2 , then ∇T1 = ∇T2 [Ton97, Theorem 5.9].
Definition 1.28. Given a Riemannian foliation (M, F , h) the connection ∇T : Γ(Q) −→
Γ(T∗M⊗Q) is called the transversal Levi-Civita connection of the foliation.
Given the transversal Levi-Civita connection∇T of a Riemannian foliation one obtains
the corresponding curvature tensors RT. Considering the bundle isomorphism s(Q) '





RT(ei, ek, ek, ej) (1.31)
for an hT-orthonormal frame ϕ` ∈ Γ(Q) and s(ϕ`) = e`, ` = 1, . . . , dim Q.
Particularly interesting are also the following Riemannian foliations.
Definition 1.29. A one-dimensional Riemannian foliation (N , F , h) is called a Riemannain
flow. If this flow is generated by a non-singular vector field V ∈ Γ(TM) with h(V, V) = 1
then the mean curvature 1-form9 κ ∈ Ω1(N ) is defined by κ := h(∇hVV, ·).
9 Indeed, κ can be defined more general for any foliation [Ton97, (3.20)]. However, we will use this only in
the setting of Riemannian flows where κ can be shown to be of the form used in the definition.
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Remark 1.30. Note that κ = LVχ for χ = h(V, ·).
Once more we will build a bridge to Lorentzian manifolds with special holonomy.
Namely, given a global light-like vector field V ∈ Γ(L), this induces a Riemannian flow
on M and, in particular, on each leaf L⊥ of the foliation induced by L⊥. Let there be
given any realization S of the screen bundle and gR its associated Riemannian metric
from (1.19). As on page 23, we denote with h the associated Riemannian metric on L⊥.
Proposition 1.31. For each leaf L⊥ ofL⊥ and any realization S of the screen bundle, (L⊥, F , h)
is a Riemannian flow, where F is given by the flow of V restricted to L⊥.
Proof. By the definition of h we have that (LVh)|S×S = (LV g)|S×S and since ∇gV ∈
Γ(L) and hence g(∇gV, X) = 0 for all X ∈ Γ(S) the assertion follows.
A Riemannian foliation is said to be transversally orientable, if the normal bundle Q
admits an orientation. For the case of the Riemannian flow (L⊥, F , h) obtained from
Proposition 1.31 we obtain the following.
Lemma 1.32. Let (M, g) be an oriented Lorentzian manifold with special holonomy. Then, for
each leaf L⊥ of L⊥ and any realization S of the screen bundle, the Riemannian flow (L⊥, F , h)
is transversally orientable. Moreover, L⊥ is orientable.
Proof. The argument can be found in [Lär11, p. 78]. Namely, one can prove that
Hol(∇T) ⊂ SO(dim S) and hence Σ is orientable. In particular, each leaf L⊥ is ori-
entable since any screen vector field Z ∈ Γ(TM) defines a unit normal vector field.
Let (N , F ) be a flow, i.e. a one-dimensional foliation. We say that (N , F ) is geode-
sible if there exists a Riemannian metric such that the leaves are geodesic. It is said to
be isometric if there exists a Riemannian metric h such that the leaves are the integral
curves of a non-singular h-Killing field. For a Riemannian flow we have the following
equivalences, cf. [Car81, Car84] and [Ton97, Proposition 6.7].
Theorem 1.33. Let (N , F ) be a Riemannian flow given by a non-singular vector field X ∈
Γ(TN ). Then the following are equivalent.
(i) F is isometric.
(ii) F is geodesible.
(iii) There exists E ⊂ TN such that [X, E] ∈ Γ(E) for all E ∈ Γ(E).
In particular, a Riemannian flow is isometric if and only if κ = 0. Note that for the
Riemannian flow (L⊥, F , h) from above, the theorem simplifies as follows.
Remark 1.34. There exists a horizontal screen distribution along L⊥ if and only if on (L⊥, F , h)
the vector field V is h-geodesic and h-Killing.
Proof. By the Koszul formula for h, there exists a horizontal screen distribution along
L⊥ if and only if κ := h(∇hVV, ·) vanishes. Together with Proposition 1.20 this completes
the proof.
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Basic and Twisted Cohomology
For a foliated manifold (M, F ) there is a cohomology theory whose chain complexes
are somehow adapted to the foliation, called the basic cohomology of the foliation (for a
precise definition see below). As in the case of the usual de Rham-cohomology it can
be used as another tool to bridge a gap between topology and geometry by using, for
example, Bochner’s technique. This motivates us to give its definition in this geometric
attached thesis and as we will see in Chapter 3 the interplay between these fields is
fruitful.
Again we give a brief introduction to this theory while providing only the background
necessary to understand the facts used within this thesis. A comprehensive introduction
can be found, e.g. in [Ton97, Chapter 4, Chapter 7] which is in general a recommendable
source for an introduction into foliations theory.
Definition 1.35. A k-form α ∈ Ωk(M) is called basic if and only if Xyα = 0 and LXα = 0
for all X ∈ Γ(TF ). The set of basic k-forms is denoted by ΩkB(F ).
Since LXdα = dLXα = 0 and Xydα = LXα− d(Xyα) = 0 for arbitrary X ∈ Γ(TF )
and α ∈ ΩkB(F ), we obtain a subcomplex (Ω∗B(F ), dB) of the de Rham-complex with
differentials dB := d|Ω∗B(F ) and hence a corresponding cohomology H
∗
B(F ).
Definition 1.36. The groups H∗B(F ) are called the basic cohomology of the foliated manifold
(M, F ).
If M is closed, there is also a formal L2-adjoint δB [Ton97, Theorem 7.10] to dB and
hence a transversal Laplacian
∆B := dBδB + δBdB (1.32)
on Ω∗B(F ). Naturally, we then say that a basic form α ∈ ΩkB(F ) is basic-harmonic if and
only if ∆Bα = 0.
In general, the spaces H∗B(F ) are not finite dimensional, but for Riemannian foliations
on closed manifolds they are. This is due to a Hodge-decomposition theorem for basic
cohomology [KT87], see also [Ton97, Theorems 7.22 + 7.51].
Theorem 1.37. Let (M, F , h) be a transversally oriented Riemannian foliation on a closed
oriented manifoldM with κ ∈ Ω1B(M). Then
ΩrB ∼= dB ⊕ im δB ⊕H rB ,
where H rB is the finite-dimensional space of basic-harmonic r-forms. Moreover the spaces
HrB(F ) are isomorphic to H
r
B .
Turning our attention to Riemannian flows again we have the following important
result relating the mean curvature 1-form with the basic-harmonic forms:
Theorem 1.38 ([Dom98, Mas00]). Let (N , F , h) be a Riemannian flow on a compact manifold
N . Then there exists a bundle-like metric ĥ on N such that κ is basic-harmonic and hT = ĥT.
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Moreover, the basic cohomology gives us in addition to Theorem 1.33 another equiva-
lent condition for a Riemannian flow to be isometric, cf. [MS85, Theorem A] and [Ton97,
Corollary 7.57].
Theorem 1.39. Let (N , F , h) be a Riemannian flow on a closed oriented manifold N of dimen-
sion (n + 1). Then HnB(F ) ∈ {0,R} and F is isometric if and only if HnB(F ) = R.
For transversally oriented isometric Riemannian foliations of codimension q on ori-
ented closed manifolds, the basic cohomology groups satisfy the classical Poincaré du-
ality, namely in this case we have that HrB(F ) ∼= H
q−r
B (F ), cf. [Ton97, Corollary 7.58].
However, for non-isometric foliations this is not necessarily true. This motivates to
introduce a modified cohomology to obtain a Poincaré duality even for non-isometric
Riemannian foliations. This leads to the twisted cohomology of the foliation and is defined
as follows.
Let (M, F , h) be a Riemannian foliation with basic mean curvature 1-form κ, i.e.
κ ∈ Ω1B(M). Then, the chain complex (Ω∗B(F ), dκ := dB − κ ∧ ·) is a subcomplex of the
de Rham-complex and thus defines a cohomology, denoted with H∗κ (F ).
Definition 1.40. The groups H∗κ (F ) are called the twisted cohomology of the foliated mani-
fold (M, F ).
For this cohomology there is also a Hodge-decomposition [Ton97, (7.52)] and thus it
behaves in a nice way as to obtain a type of Poincaré duality when comparing the basic
cohomology and the twisted cohomology [Ton97, Theorem 7.54].
Theorem 1.41. Let (M, F , h) be a transversally oriented Riemannian foliation of codimension
q on an oriented closed manifold. Then HrB(F ) ∼= H
q−r
κ (F ).
We complete this section with an instrument that relates the basic and twisted coho-
mology groups of Riemannian flows F and its encapsulating manifoldN . Let (N , F , h)
be a Riemannian flow and assume that h is chosen such that κ is basic-harmonic. (Note
that this is always feasible due to Theorem 1.38.) Then the following result provides a
Gysin sequence [Pri01, Theorem 3.2].
Theorem 1.42. Let (N , F , h) be a Riemannian flow on the closed manifold N with basic-
harmonic mean curvature 1-form κ ∈ Ω1B(B). Then there is the long exact sequence
. . . −→ HrB(F ) −→ HrdR(N ) −→ Hr−1κ (F )
∧[e]−→ Hr+1B (F ) −→ . . . (1.33)
where [e] ∈ H2−κ(F ) is the Euler class defined through the relation dχ = e+ χ ∧ κ and χ is the
h-dual to a non-singular vector field defining F .
If (N , F , h) is an isometric Riemannian flow, then we have seen that κ = 0. In this
case, the previous theorem turns into the following [Ton97, Theorem 6.13].
Theorem 1.43. Let (N , F , h) be an isometric Riemannian flow on the closed manifold N and
K a unit h-Killing field defining F . Then there is the long exact sequence
. . . −→ HrB(F ) −→ HrdR(N )
ι∗−→ Hr−1B (F )
δ−→ Hr+1B (F ) −→ . . . (1.34)
where ι(·) := (K y ·), δ := [dχ∧] and χ = h(K, ·).
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1.4 structure results
In this section we will derive some criteria under which an R-factor can be split from
the universal cover of decent Lorentzian manifolds. This will help to understand their
holonomy and to examine their geometry.
We start with the fact that a manifold M admitting a closed 1-form and a complete
transversal vector field is universally covered by a manifold R×N .
Proposition 1.44. Let M be a manifold admitting a closed, nowhere vanishing one-form η.
Assume that there is a complete vector field Z such that η(Z) = 1. Then the leaves of the
distribution ker(η) are all diffeomorphic to each other under the flow {φt}t∈R of Z, and the
universal cover M̃ of M is diffeomorphic to R×N via R×N 3 (u, p) 7−→ φu(p) ∈ M̃,
where N is the universal cover of a leaf of ker(η).
Proof. The idea of the proof can be found in [Mil63, Theorem 3.1]. Since η is closed,
the distribution ker(η) is involutive. For each t ∈ R, the flow φt of the complete vector
field Z is a diffeomorphism of M. Since η is closed and η(Z) = 1 we get for the Lie
derivative that
(LZη)(X) = dη(Z, X) + X(η(Z)) ≡ 0,
for all X ∈ Γ(TM). This proves that φt maps the leaves of the distribution ker(η)
diffeomorphically onto each other.
Let η̃ and Z̃ be the lifts of η and Z to the universal cover M̃. Then Z̃ is still a complete
vector field with η̃(Z̃) = 1 and dη̃ = 0. Hence, there is a real function f ∈ C∞(M) such
that η̃ = d f . Let φ̃t, t ∈ R, denote the flow of Z̃. Then, for each p ∈ M̃, the function
τp : R −→ R defined by τp(t) := f (φ̃t(p)) ∈ R satisfies
τ′p(t) = d fφ̃t(p)(Z̃) = η̃φ̃t(p)(Z̃) = 1.
Hence, τ(t) = t + f (p). This shows that f : M̃ → R is surjective and that two level sets
Ña = f−1(a), a ∈ R, are diffeomorphic under the flow: φ̃b−a(Ña) = Ñb. We derive a
diffeomorphism Φ : R× Ñ0 −→ M̃ via
Φ(u, p) := φ̃u(p)
whose inverse is given by
Φ−1(p) = ( f (p), φ̃− f (p)(p)) ∈ R× Ñ0.
Being simply-connected, Ñ := Ñ0 is the universal cover of the leaves of ker(η).
We stress that the previous result already is implied by Theorem 1.25(iii). Namely,
since η is closed and η(Z) = 1, we see that 0 = dη(X, Z) = η([Z, X]) and hence
[Z, X] ∈ ker η for all X ∈ TM. Consequently, the foliation provided by ker η is com-
plete transversally parallelizable. However, we will need the explicit construction of the
covering map by the flow of Z and hence provided the explicit proof here.
If on M there exists a complete Riemannian metric s.t. there exists a Killing field Z
with η(Z) = 1, then this can be even strengthened in the following way, see also [PZ13,
Proposition 10.1].
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Proposition 1.45. Let (M, h) be a complete Riemannian manifold admitting a closed, nowhere
vanishing one-form η. Assume that there is a h-Killing vector field Z such that η(Z) = 1. Then
the map
R×N 3 (u, p) 7−→ φu(p) ∈ M (1.35)
is a covering, where {φt}t∈R denotes the flow of Z and N a leaf of ker η.
Proof. Since Z is a Killing field w.r.t. complete metric h, it is complete. Let ψ denote the
map (1.35) and define by
h0 := du2 ⊕ hN
a Riemannian metric onR×N , where hN denotes the induced metric on a distinguished
leaf N of ker η and du the coordinate 1-form on R. The metric h0 is complete since so
is hN by Proposition 1.26. Moreover, since Z is h-Killing, its flow preserves the leaves to
ker η and ψ is a local isometry, i.e. ψ∗h = h0. Hence, ψ is a covering.
Turning our attention to Lorentzian manifolds with special holonomy we can apply
the previous propositions if we assume that there exist a complete vector field V ∈ Γ(L)
and a complete screen vector field Z.
Proposition 1.46. Let (M(n+2), g) be a decent Lorentzian manifold and L⊥ a leaf of L⊥. Then
the universal cover is diffeomorphic to R× L̃⊥, where L̃⊥ is the universal cover of L⊥. IfM is
compact, then it is even covered by R×L⊥.
Proof. Let Z ∈ Γ(TM) be a screen vector field and denote with η := V[ the g-dual to
the recurrent vector field V ∈ Γ(L) spanning L. Then η is closed and η(Z) = 1, hence
Proposition 1.44 applies.
Let M be compact and denote with gR the Riemannian metric associated to Z, cf.
(1.19). By Lemma 1.15 the vector field Z is geodesic w.r.t. gR and hence, by Theorem 1.33,
there exists a Riemannian metric ĥ onM turning Z into a Killing vector field. Applying
Proposition 1.45 yields the asserted covering.
Under the assumption of the existence of a horizontal and involutive screen distribu-
tion we can strengthen the result to the following.
Proposition 1.47. Let (M(n+2), g) be a decent Lorentzian manifold and L⊥ a leaf of L⊥. As-
sume that, along L⊥, there exists a horizontal and involutive screen distribution S. Then the
universal cover is diffeomorphic to R2 × S̃ , where S̃ is the universal cover of a leaf S of S. IfM
is compact then it is even covered by R2 × S .
Proof. Denote with gR the Riemannian metric associated to S and with h its restriction
to L⊥. Then ω := h(V, ·) is a closed 1-form on L⊥ since S is horizontal and involutive.
Thus, Proposition 1.44 yields the first assertion.
Let M be compact. Then gR is complete and thus, so is h by Proposition 1.26. More-
over, by the horizontality of S we deduce that V is a h-Killing field by Proposition 1.20.
As a consequence, we can apply Proposition 1.45 to the complete Riemannian manifold
(L⊥, h).
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Remark 1.48. Let {φt}t∈R denote the flow of Z and {ϕt}t∈V the flow of V. We point out that
in the case of Proposition 1.46 the covering map is given by the flow of Z, i.e.
R×L⊥ 3 (u, p) 7→ φu(p) ∈ M.
In case of Proposition 1.47 it is given by the concatenation of φ and ϕ, i.e.
R2 × S 3 (u, v, q) 7→ φu(ϕv(q)) 3 M.
Remark 1.49. Note that for the case of compactM in Proposition 1.47 we actually need that the
horizontal and involutive screen S is the restriction of a screen on M. In fact, all other results
in this chapter also hold, if S is only defined as a vector bundle on a leaf L⊥ isomorphic to Σ|L⊥ ,
i.e. a screen on L⊥.
If there is only a horizontal and involutive screen S on L⊥ then, in order for the second part
of Proposition 1.47 to hold, one needs to further require that L⊥ is compact.
Similar structural results where studied in [Lär11, Chapter 2]. Moreover, there one can
find examples for Lorentzian manifolds admitting an involutive realization of the screen
bundle. For example, every stably causal time-orientable Lorentzian manifold with spe-
cial holonomy admits an involutive realization of the screen bundle [Lär11, Proposition
2.52]. Of course, every upcoming chapter of this thesis provides more examples.

2 LO R E N T Z I A N M A N I F O L D S W I T H A B E L I A N
H O LO N O M Y
2.1 pp-waves
Throughout this chapter we will consider Lorentzian manifolds (M(n+2), g) whose par-
allel line bundle L admits a parallel light-like vector field V ∈ Γ(L), i.e. with ∇gV = 0.
Such a Lorentzian manifold is said to have Abelian holonomy if and only if its reduced
holonomy group is contained in the Abelian ideal Rn ⊂ SO0(1, n + 1). An equivalent
notion is that of pp-waves [EK62] (pp-wave for plane fronted with parallel rays). Namely,
we define:
Definition 2.1. A Lorentzian manifold (M(n+2), g) is called a pp-wave1 if it admits a global
parallel light-like vector field and if its curvature tensor Rg satisfies
Rg(U, W) = 0 (2.1)
for all U, W ∈ Γ(L⊥).
According to this definition we have the following characterization of pp-waves which
bridges the gap to the title of this chapter.
Proposition 2.2. Let (M(n+2), g) be a Lorentzian manifold with parallel light-like V ∈ Γ(L).
(i) The following statements are equivalent:
a) (M, g) is a pp-wave.
b) (M, g) has Abelian holonomy.
c) For all W ∈ Γ(L⊥) and X, Y ∈ Γ(TM) it holds Rg(X, Y)W ∈ Γ(L).
d) The screen bundle (Σ,∇Σ) is flat, i.e. the curvature of ∇Σ vanishes.
e) There exist local sections S1, . . . Sn of L⊥ with g(Si, Sj) = δij and local 1-forms αi such
that ∇gSi = αi ⊗V. In this case, the 1-forms satisfy dαi|L⊥∧L⊥ = 0.
(ii) The holonomy of ∇Σ is trivial if and only if the holonomy of (M, g) is contained in Rn.
The proof is a straightforward computation carried out in [Lei02, BLL14]. The prop-
erty for the differentials of the αi’s follows from the following computation: Let Z be a
screen vector field, X ∈ Γ(L⊥) and Si frame fields as in (i.e). Then
dαi(Sj, X) = g(Rg(Sj, X)Si, Z) = g(Rg(Si, Z)Sj, X) = dαj(Si, Z)g(V, X) = 0,
for all i, j = 1, . . . , n, i.e. dαi|L⊥∧L⊥ = 0.
1 In the following we will consider compact manifolds of this type. We are aware that for compact manifolds
the term wave might not be appropriate, but we use this term since it is established in the literature for
manifolds with the given curvature properties. Later we will see that an appropriate name would be screen
flat, but this term has other obvious problems.
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Clearly, manifolds with trivial screen holonomy are pp-waves, but for non simply-
connected manifolds the converse is not true (see [BLL14] for examples).
Locally, for a pp-wave the coordinates in (1.12) can be chosen in a way such that
Ai ≡ 0 and hij ≡ δij, i.e. with h being the standard flat metric for all u. Therefore, locally,
g takes the form





where H = H(u, x1, . . . , xn) is a smooth function. In these coordinates, ∇g∂v = 0 and
∇g∂i ∂j = 0, ∇
g
∂i
∂u = ∂i(H)∂v, ∇
g
∂u





which implies that the only non-vanishing curvature terms of g, up to symmetries, are
Rg(∂i, ∂u, ∂u, ∂j) = −∂i∂jH, (2.3)
and for the Ricci curvature,
Ric(∂u, ∂u) = ∆(H), (2.4)
where ∆ = −∑ni=1 ∂2i is the flat Laplacian. We refer to the Euclidean space Rn+2
equipped with the metric gH in (2.2) as standard pp-wave. Formula (2.3) shows that the
connected holonomy of a pp-waves is equal to Rn, and hence indecomposable, if there
is a point in M with local coordinates such that the Hessian of H is non-degenerate at
this point.
Since the distribution L⊥ is parallel and thus defines a foliation of M into totally
geodesic leaves of codimension one, the flatness of the screen bundle can be stated as
Lemma 2.3. A Lorentzian manifold (M(n+2), g) with parallel light-like vector field V is a pp-
wave if and only if, for each leaf L⊥ of L⊥, the linear connection which is induced on L⊥ by the
Levi-Civita connection of g is flat.
Proof. Let∇L⊥ be the linear connection defined by∇g on a leaf L⊥ of L⊥, i.e.∇L⊥U W :=
∇gUW ∈ Γ(L⊥|L⊥) for U, W ∈ Γ(TL⊥), where TL⊥ = L⊥|L⊥ . Hence, for the curvature
Rg of ∇g and RL⊥ of ∇L⊥ we have
RL
⊥
(U, W)S = Rg(U, W)S
for all U, W, S ∈ Γ(L⊥|L⊥). This term vanishes if and only if g(Rg(U, W)S, X) = 0 for
all X ∈ Γ(TM), which is equivalent to (2.1) in the Definition 2.1 of pp-waves.
Recall that due to Proposition 1.22, Lorentzian manifolds with trivial screen holonomy
which admit a horizontal and involutive realization S of the screen bundle have flat
leaves w.r.t. the induced Riemannian metric induced by S. Of course, the existence of
such S can by formulated with the aid of Proposition 1.19 as follows.
Proposition 2.4. Let (M(n+2), g) be a Lorentzian manifold with parallel light-like vector field
V and trivial screen holonomy. Then, for each screen distribution S = V⊥g ∩ Z⊥g , there is a
global frame field S1, . . . , Sn of S with ∇gSi = αi ⊗V and the αi satisfy
dαi(X, Y) = Rg(X, Y, Si, Z),
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for all X, Y ∈ Γ(TM) and hence
dαi|L⊥∧L⊥ = 0.
Furthermore, given a screen distribution S and functions b1, . . . , bn onM such that
(dbi − αi)|L⊥ = 0,
there is an involutive and horizontal screen distribution spanned by Si − biV.
Proof. Since Σ is assumed to have trivial holonomy, the holonomy principle guarantees
us global basis sections σi ∈ Γ(Σ) such that ∇Σσi = 0. Hence, for a given screen
distribution, the induced frame fields Si satisfy [∇
g
XSi] = ∇ΣXσi = 0 and thus
∇gSi = g(∇gSi, Z)V = αi ⊗V,
or equivalently, ω ji = 0 (see (1.23) on page 22). This shows
Rg(X, Y)Si = dαi(X, Y) ·V,
since V is parallel. As (M, g) has trivial screen holonomy and is hence a pp-wave, we
obtain dαi|L⊥∧L⊥ = 0.
Given functions bi with (dbi − αi)|L⊥ = 0, from ω
j
i = 0 and equation (1.25) in Propo-
sition 1.19 we see that Ŝk = Sk − bkV defines a horizontal and involutive screen distribu-
tion.
2.2 universal cover
The aim of this section is to study the universal cover of compact (n + 2)-dimensional
pp-waves (M(n+2), g). As we will see, compact pp-waves are aspherical2 manifolds
since their universal cover is diffeomorphic to Rn+2. Further we show that the pull-back
of g to the universal cover is globally isometric to a standard pp-wave metric (2.2).
We start with the observation that on the universal cover of a pp-wave there always
exists a horizontal and involutive realization of the screen bundle.
Theorem 2.5. Let (M(n+2), g) be a pp-wave with parallel light-like vector field V ∈ Γ(TM)
and complete screen vector field Z. Then there exists a horizontal and involutive screen distribu-
tion S on the universal cover (M̃, g̃) of (M, g).
In particular, there are n linear independent sections of S which are ∇g̃-parallel along the
leaves of L̃⊥, where ∇g̃ is the Levi-Civita connection of g̃.
Proof. By a tilde we denote the lift of any object to the universal cover M̃ of M. Let
S = V⊥g ∩ Z⊥g be a screen distribution defined by a complete screen vector field Z. By
assumption, the bundle Σ̃ −→ M̃ is flat, and, since M̃ is simply-connected, has trivial
holonomy. By the holonomy principle we derive n linearly independent global parallel
2 A manifold is said to be aspherical if all but the first homotopy group vanish. In other words, they are
K(G, 1)-spaces, i.e. the Eilenberg-MacLane spaces with fundamental group equal to some G and all other
homotopy groups vanishing.
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sections σ1, . . . , σn ∈ Γ(Σ̃). These give rise to sections S1, . . . , Sn ∈ Γ(S̃) with ∇g̃Si =
αi ⊗ Ṽ where αi := g̃(∇g̃Si, Z̃). SinceM is a pp-wave, according to Proposition 2.4, they
satisfy
dαi|
L̃⊥∧L̃⊥ = 0. (2.5)
By Proposition 1.46, the universal cover M̃ is diffeomorphic to R×N , where N := L̃⊥
is the universal cover of the leaves of the distribution L⊥, and the map R×N → M̃ is
given by the flow of Z̃. Now, for each r ∈ R, let
ι(r) : N ↪→ R×N
x 7→ (r, x)
denote the inclusion of N into R×N . We use these to pull back the αi’s to N ,
αi(r) := (ι(r))
∗αi,
which is now a one-parameter family of one-forms on N , depending smoothly on the






Fixing x0 ∈ N , since N is simply-connected, for each i = 1, . . . , n and each r ∈ R we
find a unique function bi(r) ∈ C






where the differential is the differential on N . Hence we obtain smooth bi ∈ C∞(R×N )
defined by
bi(r, x) = bi(r)(x).
We have to verify that these functions are smooth on R×N : Take an arbitrary x̂ ∈ N
and fix coordinates (U , ϕ = (x1, . . . , xn+1)) around x̂ such that ϕ(U ) is star-shaped and






1, . . . , xn)dxk
with αik smooth functions on R× ϕ(U ) and the solutions bi(r) are given by
bi(r, ϕ−1(x1, . . . , xn)) = bi(r) ◦ ϕ









1, . . . , xn))dt + bi(r, x̂),
for all (x1, . . . , xn) ∈ ϕ(U ). Since αi(r) and hence α
i
k depend smoothly on r, this is smooth
in r and xi, as soon as bi(·, x̂) is smooth in r. Now choosing x̂ = x0 first, we see that bi
is smooth on R× U , where U is a star-shaped neighbourhood of x̂ = x0. Then covering
N by star-shaped neighbourhoods, this argument shows that bi is smooth on R×N .
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Using these bi ∈ C∞(R×N ) we define the new screen distribution as
Ŝ := span{Ŝ1, . . . , Ŝn} with Ŝi := Si − biṼ.












which shows that Ŝ is involutive and horizontal.
Let ∇h denote the connection of the Riemannian metric (1.19) on the universal cover
M̃ associated to S, where S is the horizontal and involutive realization of the screen
bundle obtained be the theorem. Due to Proposition 1.22, the sections obtained in the
theorem which are ∇g̃-parallel along the leaves of L̃⊥, are also parallel w.r.t. ∇h. Hence
we obtain:
Corollary 2.6. On the universal cover there exists a realization S of the screen bundle s.t. the
flat connections ∇g̃|L̃⊥ and ∇
h on L̃⊥ coincide.
The proof of the theorem also implies:
Corollary 2.7. For any screen S on the universal cover of a pp-wave defined by a complete
screen vector field and linearly independent sections S1, . . . , Sn of S with ∇gSi = αi ⊗ Ṽ there
are smooth functions bi such that Ŝ spanned by Ŝi = Si − biṼ is involutive and horizontal.
Remark 2.8. The horizontal and involutive screen distribution on the universal cover obtained
by this result does not necessarily descend to a horizontal and involutive one on the base mani-
fold. In fact, Example 4.8 in Chapter 4 provides compact pp-waves for which no horizontal and
involutive realization of the screen bundle exists.
Combining Proposition 1.46 and the previous theorem gives us a description of the
universal cover of certain pp-waves. The second part of the proof will follow ideas
in [DR09].
Theorem 2.9. Let (M(n+2), g) be a pp-wave with parallel light-like vector field V ∈ Γ(TM)
satisfying the following completeness assumptions:
(i) The maximal geodesics along the leaves of L⊥ are defined on R, and
(ii) there exists a complete screen vector field Z.
Then the universal cover M̃ of M is diffeomorphic to Rn+2. Moreover, the universal cover
(M̃, g̃) is globally isometric to a standard pp-wave(
Rn+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdxidxj
)
. (2.6)
Under this isometry, the lift of the parallel vector field V is mapped to ∂v.
Proof. We first prove that the universal cover M̃ of M is diffeomorphic to Rn+2 and
then proceed to show that the lift of g is isometric to (2.6). By a tilde we shall denote the
lift of an object to the universal cover. With Z we denote a complete screen vector field
and with S the corresponding screen distribution onM.
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Step 1. Since Z is complete, we can apply Proposition 1.46 and obtain that the universal
cover M̃ of M is diffeomorphic to R× L̃⊥, where L̃⊥ is the universal cover of a leaf
L⊥ of the distribution L⊥ on M. Clearly, L̃⊥ is also a leaf of the distribution L̃⊥
on M̃. Using assumption (i) and because (M, g) is a pp-wave we conclude that ∇̃|Ñ
is a complete and flat connection on the simply-connected manifold Ñ . Hence the
exponential map w.r.t. ∇̃|Ñ is a diffeomorphism and thus Ñ diffeomorphic to R
n+1.
This proves the first part of the statement.
Step 2. The proof of the second part, that the lifted metric g̃ is isometric to a standard
pp-wave, is more involved and requires some auxiliary statements.
Lemma 2.10. Let (Mn,∇) be a smooth n-dimensional manifold with a torsion free connection
∇ and let δ : I −→ M be a curve inM with 0 ∈ I ⊂ R. Then a vector field X ∈ Γ(δ∗TM)
along the curve δ is parallel along δ if and only if the vector field Y ∈ Γ(δ∗TM) with Y(t) :=
t · X(t) satisfies ∇2dt2 Y(t) ≡ 0.
Proof. One direction of the proof is trivial, so let us assume that
∇2
dt2
Y(t) ≡ 0. (2.7)
By the Leibniz rule this implies that
2 · ∇
dt
X(t) + t · ∇
2
dt2
X(t) = 0 (2.8)
for t ∈ I. Now let Ei(t) := P∇δ(t)(ei) with fixed x
0 = δ(0) ∈ M and a basis e1, . . . , en in





ξi(t) · Ei(t), (2.9)
which implies that X is parallel along δ if ξ ′i ≡ 0 on I for all i = 1, . . . , n. If we write X in
the form (2.9), formula (2.8) implies that the coefficient functions ξi ∈ C∞(I) of X must
satisfy the ordinary differential equation 2ξ ′i(t) + t · ξ ′′i (t) = 0 with the initial values
given by X(0) ∈ Tx0M. Each such equation only has the constant solution defined on I:
A discussion of the solutions y on (0, ∞) ∩ I or (−∞, 0) ∩ I of 2y(t) + ty′(t) = 0 yields
|y(t)| = 1t2 . Therefore, y ≡ 0 is the only solution, defined on 0 since otherwise it must
be equal to ± 1t2 on (0, ∞) ∩ I or (−∞, 0) ∩ I – a contradiction. Hence, if ξi ∈ C
∞(I) with
0 ∈ I solves 2ξ ′i(t) + t · ξ ′′i (t) = 0, then y := ξ ′i is defined on 0 ∈ I and solves the latter
differential equation of order one. Consequently, y = ξ ′i is identically zero.
We are now going to construct the required isometry Φ : Rn+2 −→ M̃. For that
purpose let γ : R −→ M̃ be the integral curve of the complete vector field Z̃ through
x0 ∈ M̃ and S1, . . . , Sn ∈ Γ(S̃) such that g̃(Si, Sj) = δij and ∇g̃Si = αi ⊗ Ṽ, see Proposi-
tion 2.4. We define the smooth map Φ : R×R×Rn −→ M̃ by
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Lemma 2.11. The smooth map Φ in (2.10) is a well-defined diffeomorphism.




∼= TpN −→ N
is defined on the whole tangent space for each leaf N := L̃⊥ through p ∈ M̃. Moreover,
it is a diffeomorphism, since ∇g̃|N is a complete and flat connection on the simply-
connected manifold N . Hence, in order to prove that Φ is injective, it suffices to show
that Φ(u1, v1, x) 6= Φ(u2, v2, y) for all v1, v2 ∈ R and x, y ∈ Rn whenever u1 6= u2. But
for u1 6= u2 we have
γ(u1) and γ(u2) are contained in two disjoint leaves N1 and N2,
to L̃⊥, respectively. To see this, recall that – as we have seen in the proof of Propo-
sition 1.44 – it holds η̃ = d f for some smooth function f on M̃ and η := V[ such
that f (γ(u)) = u + f (x0). In this situation, each leaf is given as a level set of f and
N1 = f−1(u1 + f (x0)), N2 = f−1(u2 + f (x0)) which implies that γ(u1) and γ(u2) can-
not lie within the same leaf. But then we see that
im expγ(u1) = N1 and im expγ(u2) = N2
and since N1 ∩ N2 = ∅, this yields Φ(u1, v1, x) 6= Φ(u2, v2, y) for all v1, v2 ∈ R and
x, y ∈ Rn, as required.
For proving the surjectivity of Φ, let p ∈ M̃ be arbitrary and Np be the leaf through





) = p is then a preimage of p.
It remains to verify that Φ is isometric, i.e. that Φ∗ g̃ = gH with gH as in (2.6). For
k = 1, . . . , n let
V (u, v, x) := dΦ(u,v,x)(∂v),
Xk(u, v, x) := dΦ(u,v,x)(∂k),
Z (u, v, x) := dΦ(u,v,x)(∂u)
denote the push-forward vector fields. Then, since the leaves of L̃⊥ are totally geodesic,
we have that
V (u, v, x) ∈ L̃⊥Φ(u,v,x) and Xk(u, v, x) ∈ L̃
⊥
Φ(u,v,x)
for k = 1, . . . , n. Furthermore, along the integral curve γ of Z̃, we have V (u, 0, 0) =
Ṽ(γ(u)) and Xk(u, 0, 0) = Sk(γ(u)). This can be generalized to
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Lemma 2.12. For each (u, v, x)∈Rn+2 the vector fields t 7→ V(u, tv, tx) and t 7→ Xk(u, tv, tx)
are parallel transported along the geodesic R 3 t 7−→ δ(t) := Φ(u, tv, tx).
Proof. For each (u, v, x) ∈ Rn+2 consider the geodesic variation F : R× (−ε, ε) −→ M̃,








of the geodesic δ(t) = F(t, 0). The variation vector field along δ is given as
t 7→ ∂F
∂s





= dΦ(u,tv,tx)(t∂v) = t V (u, tv, tx).
Thus, as the variation vector field of a variation of δ by geodesics, Y(t) := tV (u, tv, tx)





Y(t) = Rg̃(δ′(t), Y(t))δ(t) = 0,
by the curvature properties of a pp-wave. We can apply Lemma 2.10 and obtain that
tV(u, tv, tx) is parallel transported along the geodesic δ. The same argument, using the
geodesic variation
Fk(t, s) := Φ(u, tv, tx + sek),
shows that the Xk are parallel transported along δ.
Recall that for t = 0 we know that V (u, 0, 0) = Ṽ(γ(u)) and Xk(u, 0, 0) = Sk(γ(u)).
On the one hand, since Ṽ is parallel, in particular along δ, this implies that V (u, tv, tx) =
Ṽ(δ(t)) and hence Ṽ = V everywhere on M̃. On the other hand, it implies that
g̃φ(u,v,x)(V (u, v, x), V (u, v, x)) = g̃γ(u)(Ṽ(γ(u)), Ṽ(γ(u))) = 0,
g̃φ(u,v,x)(V (u, v, x), Xk(u, v, x)) = g̃γ(u)(Ṽ(γ(u)), Sk(γ(u))) = 0,
g̃φ(u,v,x)(Xi(u, v, x), Xj(u, v, x)) = g̃γ(u)(Si(γ(u)), Sj(γ(u))) = δij,
and thus
Φ∗ g̃(∂v, ∂v) = 0, Φ∗ g̃(∂v, ∂k) = 0 and Φ∗ g̃(∂i, ∂j) = δij.
It remains to show that Φ∗ g̃(∂k, ∂u) = 0 and Φ∗ g̃(∂v, ∂u) = 1. For the second equation
consider for fixed v ∈ R and x ∈ Rn the variation
ν(u, s) := Φ(u, sv, sx)
and let νu(u, s) := ∂ν∂u (u, s) and νs(u, s) :=
∂ν
∂s (u, s). Observe that it holds νs ∈ L̃⊥ and










g̃ν(u,s)(νu(u, s), Ṽ(ν(u, s))) ≡ 0,
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i.e., s 7→ g̃(νu(u, s), Ṽ(ν(u, s))) is constant and thus equals its value in s = 0, which is
g̃ν(u,0)(γ̇(u), Ṽ(γ(u))) = g̃γ(u)(Z̃(γ(u)), Ṽ(γ(u))) ≡ 1,
since ν(u, 0) = γ(u), νu(u, 0) = γ̇(u) and since γ is an integral curve of Z̃. This proves
Φ∗ g̃(∂v, ∂u) = 1.












Since s 7→ ν(u, s) is a geodesic for every u ∈ R, it holds ∇ds νs = 0. Taking into account
that νs ∈ L̃⊥ we have by the definition of a pp-wave, see also Proposition 2.2(i.c), that





νu(u, s) = ϕ(ν(u, s)) · Ṽ(ν(u, s))
for some function ϕ ∈ C∞(M̃). We conclude that
d
ds




ds (u, sv, sx)) = 0,
because of Lemma 2.12. Hence,
s 7→ g̃ν(u,s)(∇ds νu(u, s), Xk(u, sv, sx))
is constant and equals its value in s = 0. But for s = 0 we have
g̃ν(u,0)(∇ds νu(u, 0), Xk(u, 0, 0)) = 0,




































by the Schwarz lemma, the parallelity of Ṽ and the property of Sk. Note that we use
here that ∇du (x
kSk) = xk ∇du Sk since the x
k are constant along the curve γ(u). Hence,
g̃ν(u,s)(∇ds νu(u, s), Xk(u, sv, sx)) ≡ 0.
Finally, this and Lemma 2.12 imply that
d
ds
g̃ν(u,s)(νu(u, s), Xk(u, sv, sx)) = g̃ν(u,s)(∇ds νu(u, s), Xk(u, sv, sx)) = 0.
Hence, also s 7→ g̃ν(u,s)(νu(u, s), Xk(u, sv, sx)) is constant and as νu(u, 0) = γ̇(u) we
obtain at s = 0:
g̃ν(u,0)(γ̇(u), Sk(γ(u))) = g̃γ(t)(Z̃(γ(t)), Sk(γ(u))) = 0.
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Thus, the only term in the metric Φ∗ g̃ on Rn+2 which is not constant, is the function
H ∈ C∞(R×Rn) defined by
2H := (Φ∗ g̃)(∂u, ∂u).
This finishes the proof of the second statement of Theorem 2.9.
Remark 2.13. Note that, at this stage we do not make a claim about the geodesic completeness
of pp-waves satisfying the assumptions of Theorem 2.9. This will depend on the function H. We
will give a sufficient condition in Lemma 2.19 in the next section, which we will then use to
establish completeness for compact pp-waves.
In the proof of the first part of Theorem 2.9 we used the result by Palais that a
simply-connected manifold which admits a parallelism consisting of complete vector
fields with constant Lie brackets, i.e., constant linear combinations of these vector fields,
admits a unique Lie group structure, for which the vector fields of the parallelism are
left-invariant. For the sake of being self contained, we will prove directly the weaker
statement that we need for our proof.
Lemma 2.14. Let N be a manifold of dimension n and X1, . . . , Xn complete vector fields.
(i) If the Xi commute with each other, i.e., [Xi, Xj] = 0, then every vector field X that is a
constant linear combination of the Xi’s, i.e., X = ∑ni=1 a
iXi with ai ∈ R, is complete.
(ii) If the Xi are linearly independent at each point in N and if h is a semi-Riemannian metric
on N such that the Xi are parallel with respect to the Levi-Civita connection ∇h, then
(N , h) is geodesically complete. In particular, if N is simply-connected, then (N , h) is
isometric to the standard semi-Euclidean metric on Rn.
Proof. Ad (i). Let X = ∑ni=1 a
iXi with ai ∈ R and φi : R×N 3 (t, p) → φit(p) ∈ N be
the flow of Xi. Let p ∈ N fixed. Then we claim that the map
φ : R×N 3 (t, p) 7→ φ1a1t ◦ . . . ◦ φ
n
ant(p) ∈ N .
is the flow of X through p. Indeed, if we define





where ei is the standard basis of Rn and




aiei 7−→ φ1a1 ◦ . . . ◦ φ
n
an(p) ∈ N
then we have that φ = f ◦ g. For the differential of g we clearly have dgt(∂t) ≡ ∑ni=1 aiei.





which implies that the differential of f is given as













= Xj(φ1a1 ◦ . . . ◦ φ
n
an(p)).
Hence, by the chain rule we obtain
d
dt
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as claimed.
Ad (ii). Clearly, if the Xi are parallel with respect to ∇h, they commute with each other
and we can apply (i). Now, let w := ∑ni=1 a
iXi(p) ∈ TpN be an arbitrary tangent vector
at an arbitrary point p ∈ N . Then the vector field X = ∑ni=1 aiXi is parallel and, by (i),
complete. Hence, the geodesic starting at p with initial speed w is given by the flow of
X through p, and thus defined on all of R.
Finally, if (N , h) admits n parallel complete vector fields, it is flat and geodesically
complete, and thus, with the assumption that N is simply-connected, the Killing-Hopf
theorem gives us that (N , h) is isometric to the standard Euclidean vector space of
dimension n.
Theorem 2.9 provides us with the possibility to describe the universal cover for cer-
tain pp-waves that fulfill the required completeness assumptions made in the theorem.
Indeed, for compact pp-waves these assumptions are always satisfied.
Theorem 2.15. For a compact pp-wave the maximal geodesics along the leaves of the parallel
distribution L⊥ are defined on R.
Proof. Again, by a tilde we shall denote the lift of an object to the universal cover.
With Z we denote a complete screen vector field and with S the corresponding screen
distribution onM.
As M is compact, we can apply Proposition 1.46 and obtain that the universal cover
M̃ ofM is diffeomorphic to R× L̃⊥, where L̃⊥ is the universal cover of a leaf L⊥ of the
distribution L⊥ of M. Note that L̃⊥ is also a leaf of the distribution L̃⊥ on M̃. Since
(M, g) is a pp-wave, the lift S̃ of the screen distribution S comes with a global frame
field Si ∈ Γ(S̃), i = 1, . . . , n, on M̃ satisfying the relations
∇g̃Si = αi ⊗ Ṽ, (2.13)
see Proposition 2.4. Note that the Si are not necessarily lifts of global vector fields on
the compactM, however we will show that they are complete.
To this end, consider the associated Riemannian metric h on M defined by the orig-
inal screen distribution S on M via (1.19) on page 20. As a Riemannian metric on a
compact manifold M it is geodesically complete, and so is its restriction to the leaves
L⊥ by Proposition 1.26. Therefore, the lifted Riemannian metric h̃ on L̃⊥ is geodesi-
cally complete. Now one computes that the vector fields S1, . . . , Sn on L̃⊥, which are
h̃-orthonormal, span the lifted screen S̃ and satisfy equation (2.13), are in fact geodesic
vector fields for (L̃⊥, h̃). Indeed, from the Koszul formula we get
0= g̃(∇g̃Si Si, X)=Si(g̃(Si, X)) + g̃([X, Si], Si)=Si(h̃(Si, X)) + h̃([X, Si], Si) = h̃(∇
h̃
Si Si, X)
for all X ∈ Γ(TL̃⊥). Here the replacement of g̃ by h̃ is justified since
g̃(Si, ·)|TL̃⊥ = h̃(Si, ·)|TL̃⊥ .
With (L̃⊥, h̃) being geodesically complete and Si being geodesic vector fields, this yields
the conclusion that the Si are complete vector fields.
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From S̃ and using Theorem 2.5 resp. Corollary 2.7, we obtain an involutive and hori-
zontal screen distribution Ŝ which is spanned by vector fields
Ŝi = Si − biṼ (2.14)
for some smooth function bi on M̃ and which satisfy ∇g̃Ŝi|TL̃⊥ = 0. Let ĥ the associated
Riemannian metric to Ŝ on L̃⊥. Using Proposition 1.47 we finally obtain:
Lemma 2.16. The vector fields Ŝi are complete.
Proof. We saw that the vector fields Si on L̃⊥ are complete, i.e., we obtain their flows as
φi : R× L̃⊥ −→ L̃⊥.
Recall that, by Proposition 1.47, the leaf L̃⊥ is diffeomorphic to R× Ŝ via
Ψ : p ∈ L̃⊥ 7−→ (ϕ(p), ψ−ϕ(p)(p)) ∈ R× Ŝ ,
were {ψt}t∈R is the flow of Ṽ and ϕ ∈ C∞(L̃⊥), such that ĥ(Ṽ, ·)|L̃⊥ = dϕ (see the proof















both defined for all t ∈ R. We do now claim that {φ̂it}t∈R is the flow of Ŝi. Indeed, on




































































= (0, Ŝi(φ̂it)) ∈ R⊕ TŜ ,
in which we were allowed to commute the flows ξ iτ and ψis because of [Ṽ, Ŝi] = 0. For




t(p)))|τ=0 = dϕφit(p)(Ṽ|φit(p)) = ĥ(Ṽ, Ṽ)|φit(p) ≡ 1,
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τ + c, ψ−c ◦ ψ−τ(ψτ(φit(p)))
)∣∣∣
τ=0
= (1, 0) ∈ R⊕ TŜ










∈ R⊕ TŜ ,






t is the flow of Ŝi
which is defined on R. This proves the lemma.
The statement of the theorem is no immediate. Namely, ∇g̃|
TL̃⊥ and ∇
ĥ coincide by
Corollary 2.6, while ∇ĥ is complete by Lemma 2.16 and Proposition 1.22 together with
Lemma 2.14(ii). Hence, ∇g̃|
TL̃⊥ is complete and consequently, so is ∇
g|TL⊥ .
Combining Theorem 2.9 and Theorem 2.15 we finally obtain the following description
of the universal cover of compact pp-waves.
Theorem 2.17. The universal cover of an (n + 2)-dimensional compact pp-wave is globally
isometric to a standard pp-wave(
Rn+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdxidxj
)
.
Under this isometry, the lift of the parallel light-like vector field is mapped to ∂v.
2.3 completeness
Using the results of the previous section we can investigate geodesic completeness
of compact pp-waves by applying existing results for geodesic completeness of non-
compact Lorentzian manifolds with parallel light-like vector field.
To our best knowledge, the strongest of such results can be found in [CFS03] and they
hold for a special class of these manifolds described in the next theorem.
Theorem 2.18 ([CFS03, Theorem 3.2 and Corollary 3.4]). Let (S , h) be a connected Rieman-
nian manifold of dimension n and let H ∈ C∞(R× S) be a smooth function. On the manifold
M := R2 × S define the Lorentzian metric g by
g(u,v,x) = 2dudv + 2H(u, x)du
2 + hx, (2.17)
where x ∈ S and (u, v) are the global coordinates on R2.
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(i) The Lorentzian manifold (M, g) is geodesically complete if and only if the Riemannian
manifold (S , h) is complete and the solutions s 7→ γ(s) of the ODE
∇hγ̇
ds
(s) = gradh H(s, γ(s)) (2.18)
are defined on the whole real line. Here ∇h is the Levi-Civita connection of h.
(ii) If (S , h) is geodesically complete and the function H does not depend on u and is at most
quadratic at spacial infinity, i.e., there exist x0 ∈ S and real constants r, c > 0 such that
H(x) ≤ c · dS (x0, x)2 for all x ∈ S with dS (x0, x) ≥ r,
then (M, g) is geodesically complete. Here dS is the distance function of (S , h).
This theorem applies to pp-waves in standard form (2.2), and to the more general
class of pp-waves that are globally of the form (2.17) with (S , h) a flat Riemannian man-
ifold, not necessarily the Rn. As a corollary, the following lemma3 provides a sufficient
condition for the function H appearing in gH of (2.2) to yield completeness of a standard
pp-wave.
Lemma 2.19. The pp-wave metric on Rn+2 in standard form
gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdxidxj
is geodesically complete if all second xi-derivatives of H are bounded, i.e.
∣∣∣ ∂2 H
∂xi∂xj
∣∣∣ ≤ c for a
positive constant c and 1 ≤ i, j ≤ n.
Proof. By Theorem 2.18, gH is complete if every maximal solution γ : s 7→ γ(s) ∈ Rn of
γ̈(s) = F(s, γ) := gradRn H(s, γ(s)) (2.19)
is defined on the whole real line. Now, recall the following fact, see for example [Tes12,
Theorem 2.17]: Let F : R×R2n → Rn be globally Lipschitz on every set of the form I ×R2n,
where I is a closed interval, then, for every initial value (t0, x0, x1) ∈ R × R2n there is a
solution x : R → Rn of the initial value problem ẍ = F(t, x, ẋ) with x(t0) = x0 and ẋ(t0) =
x1. We thus have to show, that the function F : [a, b] ×R2n −→ Rn with F(s, x, y) =
F(s, x) defined in (2.19) is Lipschitz for arbitrary a, b ∈ R. Clearly, by the mean value
theorem for functions from Rn to Rn, if every partial derivative of F is bounded, then F












and thus bounded by assumption. We conclude that F must be Lipschitz on every set
[a, b]×Rn which guarantees that the maximal solutions γ of (2.19) are defined on R.
3 In fact, during the preparation of the paper we learned that Lemma 2.19 follows from stronger results by
Candela et al. [CRS13, Theorems 1 and 2]. However, for the sake of being self-contained we include a proof
of the lemma. For further results and comments see [CRS12, Sán13].
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As it turns out, for the universal cover of compact pp-waves the sufficient condition
of the previous lemma is always satisfied.
Lemma 2.20. Let (M(n+2), g) be a compact pp-wave and let gH = 2dudv+ 2Hdu2 + δijdxidxj
be the metric on the universal cover Rn+2 of M that is globally isometric to the lift of g. Then
all second covariant derivatives of H in xi-directions are bounded,
0 ≤ ∂i∂jH ≤ c, for all i, j = 1, . . . n.
Proof. Let φ : (Rn+2, gH) −→ (M, g) denote the isometric universal covering map from
Theorem 2.17. Let Z ∈ Γ(TM) be an arbitrarily chosen screen vector field and Z̃ ∈
Γ(TM̃) its pullback to M̃. Note that we have particularly shown in Theorem 2.17 that
g(dφ(∂u), V) = 1, and hence we have that




biSi + cV (2.20)
for smooth functions bi, c ∈ C∞(M̃) and Si a basis of the screen distribution correspon-
ding to Z. Now we define a symmetric (2, 0)-tensor field onM as
Q(X, Y) := Rg(X, Z, Z, Y).
SinceM is compact, the function g(Q, Q), where g denotes the metric induced by g on
(2, 0)-tensor fields, is bounded, i.e., −C2 < g(Q, Q) < C2 for some constant C ∈ R+.
Computing g(Q, Q) in a frame V, Z, E1, . . . , En with Ei an orthonormal frame of the









Rg(Ei, Z, Z, Ej)2,
so we have in fact that 0 ≤ g(Q, Q) < C2.
Pulling back Q to the universal cover (Rn+2, gH) by the isometric covering map φ,
using (2.20), (2.3) and (2.1), we get that φ∗Q(∂v, .) = 0 and
φ∗Q(∂i, ∂j)x = R
g
φ(x)(dφx(∂i), Z, Z, dφx(∂j)
= Rg
φ(x)(dφx(∂i), dφx(∂u), dφx(∂u), dφx(∂j))
= φ∗Rg
H
x (∂i, ∂u, ∂u, ∂j)
= Rg
H
x (∂i, ∂u, ∂u, ∂j)
= −∂i∂jH(x).
Hence, by using a frame (∂v, ∂u − H∂v, ∂i) on (Rn+2, gH) to compute gH(φ∗Q, φ∗Q), at
each point in Rn+2 we have









which shows that all ∂i∂jH are bounded.
50 Chapter 2: lorentzian manifolds with abelian holonomy
Altogether, we deduce from Theorem 2.17, Lemma 2.19 and Lemma 2.20 the complete-
ness of compact pp-waves.
Theorem 2.21. Every compact pp-wave is geodesically complete.
We stress that attempting to generalize the results in this chapter to compact decent
Lorentzian manifolds, is not straightforward. Namely, the following example provides
a compact decent Lorentzian manifold which admits no parallel vector field but with
the curvature condition of a pp-wave4 that is not complete (see also results by Sánchez
[Sán97] on (incomplete) Lorentzian 2-tori).
Example 2.22. Consider Rn+2 endowed with the metric












for constants ai ∈ R not all zero. Being 2π-periodic, the metric g̃ descends to a metric g on the
torus Tn+2 := Rn+2/2πZn+2. The inextensible (transversal) geodesic γ̃(t) := (ln(t), 0, . . . , 0)
then defines an inextensible geodesic γ : (0, ∞) −→ Tn+2 on the compact Lorentzian manifold
(Tn+2, g) by γ(t) := π(γ̃(t)), with π : Rn+2 −→ Tn+2 denoting the canonical projection.
For all ai = 0 this is a version of the Clifton-Pohl torus and the obtained Lorentzian manifold
becomes reducible.
2.4 plane waves
Another important class of Lorentzian manifolds with special holonomy are the plane
waves (see definition below), which are pp-waves on which another condition on the
curvature tensor is imposed. As it was mentioned in the introduction, plane waves occur
within in the context of general relativity as solutions of the Einstein field equations.
However, compact plane waves are also interesting for mathematicians since, for example,
the Lorentzian manifolds with essentially parallel Weyl tensor (i.e. which are neither
locally symmetric nor conformally flat) are plane waves as was shown by Derdziński
and Roter in [DR09]. We will first make precise how plane waves are defined, apply
our results to study their universal covering and then explain how our result can be
applied to solve the Ehlers-Kundt Problem in the compact case.
Plane Waves
Definition 2.23. A pp-wave (M(n+2), g) with parallel light-like vector field V ∈ Γ(TM) is
called a plane wave if for some (4, 0)-tensor field Q its curvature tensor Rg satisfies
∇gRg = V[ ⊗Q. (2.21)
4 In [Lei06] these were called pr-waves for plane fronted with recurrent rays.
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For a plane wave, the function H in the local form (2.2) of a pp-wave metric is
quadratic in the xi-coordinates
H(u, x1, . . . xn) = aij(u)xixj, with aij = aji ∈ C∞(R). (2.22)
This can be used to show that standard plane waves (Rn+2, gH) with H as in (2.22) are
always geodesically complete.
Proposition 2.24 ([CFS03, Proposition 3.5]). Let (M(n+2), g) be a Lorentzian manifold of the
form (2.17) and assume that its universal cover is globally isometric to a standard plane-wave(
Rn+2, g̃ = 2dudv + 2aij(u)xixjdu2 + δijdxidxj
)
,
with aij = aji ∈ C∞(R). Then (M, g) is geodesically complete.
In fact, this is immediate by Theorem 2.18 since in this case equation (2.18) is a linear
second order ODE, whence their solutions are always defined on all of R.
Using Theorem 2.17 together with Theorem 2.21 we get the following result about the
universal cover of plane waves.
Corollary 2.25. An (n + 2)-dimensional compact plane wave is geodesically complete and
its universal cover is isometric to Rn+2 with the metric gH defined in Theorem 2.17, where
H(u, x) = ∑nk,l=1 akl(u)x
kxl for some akl = alk ∈ C∞(R).
Proof. Since plane waves are pp-waves, Theorem 2.21 implies that compact plane waves
are complete. Furthermore, by Theorem 2.17, we have for the universal covering that
Rg
H
(∂i, ∂u, ∂u, ∂j) = (Hess H)(∂i, ∂j) = ∂i(∂j(H)).




















Getting rid of the linear and constant terms in this expression is achieved by a coordinate
transformation of the form
(ṽ = v− β̇i(u)xi + γ(u), x̃i = xi + βi(u), ũ = u)
where β and γ are obtained by integrating
β̈i(u) = −bi(u),





with initial conditions βi(0) = 0 and γ(0) = 0.
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Connections to the Ehlers-Kundt Problem
Let us first restate the Ehlers-Kundt problem from the introduction (see page 6).
Problem (Ehlers-Kundt [EK62, Section 2-5.7]). Prove the plane waves to be the only g-
complete pp-waves, no matter which topology one chooses.
A partial answer to this problem is given by the results in Proposition 2.24 and Theo-
rem 2.18.
Proposition 2.26 ([FS06, Theorem 4]). Any gravitational (Ricci-flat and four-dimensional)
pp-wave (in standard form) such that H behaves at most quadratically at spatial infinity (in the
sense of Theorem 2.18) is a (necessarily complete) plane wave.
In contrast, the following provides examples for compact (and hence complete) pp-
waves which are not plane waves.
Example 2.27. Let η be the flat metric on the n-torus Tn and H ∈ C∞(Tn) a smooth function
on Tn. OnM := T2 ×Tn we consider the Lorentzian metric
gH = 2dθdϕ + 2Hdθ2 + η, (2.23)
where dθ and dϕ is the standard coframe on T2. This metric is a complete pp-wave metric on the
torus Tn+2, and one can choose H in a way that it is not a plane wave. Indeed, computing ∇R
shows that for any function H with non-vanishing third partial derivatives with respect to the
xi-coordinates, the equality (2.21) is violated. More examples are given in [Lär11, BLL14] and
in Example 4.8.
However, this example is not in contradiction to the claim in the Ehlers-Kundt prob-
lem because there, pp-waves are understood to be solutions of the Einstein vacuum field
equations and hence, in addition to Definition 2.1, are assumed to be Ricci flat. But the
metric (2.23) is Ricci flat if and only if H is harmonic with respect to the flat metric on
the torus, which forces H to be constant and gH to be flat. In fact, Theorem 2.17 and
Lemma 2.20 allow us to generalize this observation.
Corollary 2.28. Every compact Ricci-flat pp-wave is a plane wave.
Proof. Let (M(n+2), g) be a compact pp-wave and let (Rn+2, gH) be the standard pp-
wave that is globally isometric to the universal cover of (M(n+2), g). Lemma 2.20 tells
us that the ∂i∂jH are bounded. If g is Ricci-flat, so is gH, and thus H is harmonic with
respect to the xi-directions by (2.4), i.e., ∆(H) = −∑ni,j=1 ∂i∂j(H) = 0. But this implies
that also Fij := ∂i∂jH is harmonic since
∆Fij = ∂i∂j(∆H) = 0
by the Schwarz lemma. Hence, by the maximum principle for harmonic functions, the





aij(u)xixj + bi(u)xi + c(u)
with aij, bi and c functions of u only, which implies that (M, g) is a plane wave.
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This solves the Ehlers-Kundt problem in case of compact manifolds. We stress that
more, even non-compact, examples of complete pp-waves which are not plane waves
can be obtained from the following.
Remark 2.29. In regard to the Ehlers-Kundt problem, Lemma 2.19 provides us with many
examples of pp-waves that are not plane waves. Again, these examples cannot be Ricci-flat, since
harmonic functions do not have bounded second derivatives unless they are quadratic and thus a
pp-wave.
2.5 manifolds with essentially parallel weyl tensor
Let (M(n+2), g) a Lorentzian manifold of dimension (n + 2). Throughout this section
we denote with
Wg = Rg + Pg ? g
the Weyl tensor of g, where Pg := 1n (Ric
g− scal
g
2(n+1) g) is the Schouten tensor and ? denotes
the Kulkarni-Nomizu product. A Lorentzian manifold is said to have essentially parallel
Weyl tensor5 if and only if ∇gWg = 0 but neither Wg = 0 nor ∇gRg = 0. For a survey
about recent results related to these manifolds, we refer to [DR07].
General Facts
Lorentzian manifolds (M(n+2), g) with essentially parallel Weyl tensor have special
holonomy and the parallel line bundle L has an interesting description obtained via
the aid of the Weyl tensor:




v ∈ TxM | gx(v, ·) ∧Wgx (w, w′, ·, ·) = 0 ∀w, w′ ∈ TxM
}
,
where D is called the Olszak distribution [Ols93] of (M(n+2), g) cf. [DR09, Section 2].
Indeed, Derdziński and Roter have proven that every Lorentzian manifold with es-
sentially parallel Weyl tensor is a plane wave [DR09]. Moreover, they proved a similar
result to our Corollary 2.25 in [DR08, Theorem 7.1] but with an additional completeness
assumption which can be omitted as our results have proven. We obtain:
Proposition 2.30. Let (M(n+2), g) be a compact Lorentzian manifold with essentially parallel
Weyl tensor. Then the universal cover is isometric to a manifold
(R2 ×V, 2dtds + κ(t, s, ψ)dt2 + Θ), (2.24)
where V is a real vector space of dimension n with an Euclidean inner product 〈·, ·〉. Furthermore,
t and s denote the Cartesian coordinates on the R2 factor, Θ := π∗ 〈·, ·〉 for π : R2 ×V −→ V
and κ : R2 × V −→ V is defined by κ(t, s, ψ) := f (t) 〈ψ, ψ〉+ 〈Aψ, ψ〉, where f : R −→ R
is a periodic non-constant smooth function and A ∈ End(V) is a nonzero traceless operator,
self-adjoint relative to 〈·, ·〉.
5 We stress that usually these manifolds are referred to as essentially conformally symmetric (ECS). Unfortu-
nately this term is a little misleading so we decided to use the term essentially parallel Weyl tensor as this
describes the properties more carefully.
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The Full Holonomy Group
We aim to describe the full holonomy of compact Lorentzian manifolds (M(n+2), g)
with essentially parallel Weyl tensor. For this purpose we will apply Theorem 1.12 but
are faced with the drawback that we need an explicit description of the fundamental
group π1(M). Of course, in [DR10] there was introduced a group G ⊂ Isom(M̃, g̃) s.t.
certain discrete subgroups Γ ⊂ G yield compact examples of Lorentzian manifolds with
essentially parallel Weyl tensor. More generally, if Γ = π1(M) is the fundamental group
of a compact Lorentzian manifold with essentially parallel Weyl tensor, then there is a
subgroup H ⊂ Γ s.t. H has finite index in Γ and H ⊂ G [DR08, Lemma 6.1 + Section 12].
The group G is constructed as follows. Let f , A, V and 〈·, ·〉 denote the objects occur-
ring in Proposition 2.30. Given the solution space
E := {u : R −→ V smooth | ü(t) = f (t)u(t) + Au(t)}, (2.25)
the non-degenerate skew-symmetric bilinear form
Ω(u1, u2) := 〈u̇1, u2〉 − 〈u1, u̇2〉
which is constant for all t ∈ R since A ∈ End(V) is self-adjoint relative to 〈·, ·〉, and the
linear isomorphism T : E −→ E with (Tu)(t) := u(t − p) (where p ∈ R denotes the
period of f ∈ C∞(R)), one defines
G := Z×R× E (2.26)
with g1 · g2 for gi := (ki, xi, ui) defined through the formula
g1 · g2 := (k1 + k2, x1 + x2 −Ω(u1, Tk1 u2), T−k2 u1 + u2). (2.27)
For g = (k, x, u) and m = (t, s, v) ∈ M̃ = R×R×V, the action of G on R2 ×V then is
given through
g ·m := (t + kp, s + x− 〈u̇(t), 2v + u(t)〉 , v + u(t)). (2.28)
One easily verifies that each Fg : m ∈ M̃ −→ g · m ∈ M̃ is an isometry for the met-
ric (2.24), i.e. G ⊂ Isom(M̃, g̃) as desired.
As the non-degenerate skew-symmetric bilinear form Ω ∈ Λ2E ∗ is constant, the pair
(E , Ω) defines a symplectic vector space of dimension 2n. To every such vector space
we can associate a Heisenberg group He(E , Ω), cf. [Til70, Section I.3], if we endow
He(E , Ω) := R× E with the group structure g1g2 := (t1 + t2 + Ω(u1, u2), u1 + u2) for
gi = (ti, ui). By fixing a Darboux basis in E , this group is isomorphic the canonical
Heisenberg group He(n) which in matrix representation is defined as
He(n) :=

1 aT c0 I b
0 0 1

∣∣∣∣∣∣∣ a, b ∈ Rn, c ∈ R
 .
Moreover, we define for B : R −→ End(V) with Ḃ + B2 = f · I+ A by
L := {u : R −→ V smooth | u̇(t) = B(t)u(t)} ⊂ E (2.29)
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an n-dimensional subspace of E .
In fact, each subgroup Γ ⊂ G producing a compact quotient manifold M̃/Γ implies
the existence of a normal subgroup Σ ⊂ R×L which is a lattice and defined through
Σ := Γ ∩ ker Π with Π : G Z being the surjective homomorphism Π(k, q, u) := k, see
[DR10, Section 4 + Theorem 6.1].
Using this, we can describe G and Γ more explicitly in terms of the groups Z, Σ and
He(n). Namely, since Z is a free group and
φ : (t, u) ∈ R× E ∼= {0} ×R× E ⊂ G 7−→ (−t, u) ∈ He(E , Ω)
is a Lie group isomorphism, the short exact sequences




−− Z −→ 0 (2.30)
0 −→ Σ ι↪−−→ Γ
Π
−− Z −→ 0 (2.31)
split. Hence:
Lemma 2.31. For G and Σ as above it holds:
(i) G ∼= Zn He(n).
(ii) Γ ∼= Zn Σ.
Given a compact Lorentzian manifold (M(n+2), g) with essentially parallel Weyl ten-
sor, we see by Lemma 2.31 and (2.28) that every isometry σ ∈ π1(M) ⊂ G ⊂ Isom(M̃, g̃)
acts only by translations. Therefore, Theorem 1.12 gives us the following.
Proposition 2.32. Every compact Lorentzian manifold (M(n+2), g) with essentially parallel
Weyl tensor whose fundamental group is contained in ZnHe(n) and thus isomorphic to ZnΣ
for some lattice Σ ⊂ He(n) has full holonomy equal to Rn.
The Isometry Group
We aim to understand in this subsection how “strong” the restriction on the fundamen-
tal group made in Proposition 2.32 is. Indeed, if we still denote with (M̃(n+2), g̃) the
manifold (R2×V, 2dtds+ κdt2 +Θ) as in Proposition 2.30, the fact that the group R× E
as subgroup of Isom(M̃(n+2), g̃) is isomorphic to the n-dimensional Heisenberg group
He(n), cf. Lemma 2.31, is not surprising. Namely, Blau et al. [BO03] proved that for pp-
wave metrics (2.2) with H(u, x) = ∑ni=1 K(u)x
2
i , the Lie algebra kill(M̃(n+2), g̃) is equal
to the Lie algebra he(n) of He(n) if K does not fulfill special properties. As He(n) is
simply-connected we infer for this case that Isom0(M̃(n+2), g̃) ∼= He(n). Therefore the
restriction on the fundamental group π1(M) = Γ made in Proposition 2.32 turns out to
be equivalent to requiring that π1(M) is contained in Zn Isom0(M̃(n+2), g̃). However,
if the smooth function κ ∈ R2×V −→ R in (2.24) has additional properties, the identity
component Isom0(M̃(n+2), g̃) might be larger.
The present section should now give a complete answer to the question, how the
identity component Isom0(M̃(n+2), g̃) could look like. In particular we will see that the
dimension d (as manifold) of Isom0(M̃(n+2), g̃) (and consequently of Isom(M̃(n+2), g̃))
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can be pretty large, i.e. we will prove that for particular endomorphisms A ∈ End(V)
we have d = (n+2)(n+3)2 − dim he(n).
We begin with the asserted description of the identity component Isom0(M̃(n+2), g̃).
Theorem 2.33. Let (M̃(n+2), g̃) denote a Lorentzian manifold with essentially parallel Weyl
tensor as in Proposition 2.32. Then the identity component Isom0(M̃(n+2), g̃) of the isometry
group of (M̃(n+2), g̃) is isomorphic to S n He(n), where S ⊂ SO(n) is a connected Lie sub-
group of SO(n) with Lie algebra s := span{F ∈ so(n) | [A, F] = 0} which is non-trivial if and
only if A ∈ End(V) has at least one eigenspace of dimension greater than one.
Proof. In [BO03, Section 2.3] it is shown that there always exist 2n + 1 distinct Killing
vector fields E1, . . . , En, E∗1 , . . . , E
∗
n, Z for g̃ which span he(n). Note that in our notation
the matrix A(x+) in [BO03] equals ( f (t) + λi)δij where λi, i = 1, . . . , n, denote the
eigenvalues of A ∈ End(V). Indeed, choosing an orthonormal frame in V consisting of
eigenvectors (v1, . . . , vn) and xi(t, s, v) := ri ∈ R, v = ∑i rivi, our g̃ becomes










Concretely, these Killing vector fields E1, . . . , En, E∗1 , . . . , E
∗
n, Z are given through





i,k∂k − ξ̇∗i,kxk∂s), (2.33)
Z = ∂s, (2.34)
where (ξ1, . . . , ξn, ξ∗1 , . . . , ξ
∗
n) is the basis of E with ξi,k(0) = δik, ξ̇i,k(0) = 0, ξ∗i,k(0) = 0
and ξ̇∗i,k(0) = δik, cf. [BO03, Section 2.3].
However, there may exist additional Killing vector fields. Namely, this occurs in
three distinct cases. The first case produces one additional Killing vector, iff the matrix
K(t) := ( f (t) + λi)δij is degenerate for all t ∈ R which in our case obviously cannot
occur as f ∈ C∞(R) is non-constant. Next, the authors of [BO03] determine those
cases in which they get additional Killing vector fields with ∂t-component (which they
refer to as homogeneous plane waves). As it turns out, these require K(t) to be of the
form D(t) = exp(tF)D0 exp(−tF) or D(t) = 1t2 · exp(ln(t)F)D0 exp(− ln(t)F) for skew-
symmetric F and symmetric D0. But in our case, D(t) cannot be of this form since
trace K(t) = trace( f (t)+λi)δij = n f (t) but trace D(t) = trace D0 ≡ const or trace D(t) =
1
t2 · const while f must be periodic.
The remaining case in which additional Killing vector fields can occur is the following.
Considering for F ∈ so(n) the equation
K(t) · F− F · K(t) ≡ 0, (2.35)
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Writing down (2.35) componentwise one sees that Fij 6= 0 requires λi = λj for the
eigenvalues λi, λj ∈ R of A. Thus, non-trivial solutions of (2.35) occur if and only if
A ∈ End(V) has at least one eigenspace of dimension greater than one. Taking into
account the generated Killing fields (2.36) we obtain for each such F ∈ so(n) solving
(2.35) a one-parameter subgroup of SO(n). Namely, the integral curves γFx : R −→ V
through x ∈ V of such an XF satisfy the differential equation γ̇Fx (t) = F · γFx (t) with
γ(0) = x whose solution is given through γ(t) = exp(t · F) · x defined on the whole real
line. Thus every Killing vector field XF gives rise to a one-parameter subgroup {ΦFτ}τ∈R
of Isom(M̃(n+2), g̃) via
Φτ : (t, s, v) ∈ M̃ = R2 ×V 7−→ (t, s, exp(τF)v) ∈ M̃.
Indeed, every exp(τF) ∈ SO(n) commutes with A as can be seen by differentiating the
equation (which holds since AF = FA)
exp(sA) exp(τF) = exp(sA + τF) = exp(τF) exp(sA)
in s = 0. Therefore, κ ◦ Φτ = κ and each Φτ is an isometry for g̃. The one-parameter
groups now generate the Lie group S stated in the theorem. Taking into account the









Fi`E∗` and [XF, Z] = 0,
cf. (2.32) – (2.34) and (2.36), and considering the homomorphism π : S −→ Aut(He(n))
defined through
π(exp(F))
1 aT c0 I b
0 0 1
 :=
1 (eFa)T c0 I eFb
0 0 1

this yields Isom0(M̃, g̃) ∼= S πnHe(n). Finally, note that the first set of Killing vector
fields treated as elements of he(n) are precisely those vector fields with coefficients
ξi,k ∈ C∞(R) s.t. ξi = (ξi,1, . . . , ξi,n) ∈ E . As solutions ξ ∈ E and the additional flows Φτ
as above are all defined on the whole real line this in particular shows that kill(M̃, g̃) ∼=
killc(M̃, g̃) with killc(M̃, g̃) denoting the Lie subalgebra consisting of complete Killing
vector fields. As killc is the Lie algebra corresponding to Isom0(M̃, g̃) this completes the
proof.
Let us give an explicit example with n = 3 for which we can explicitly compute the
Lie group S occurring in Theorem 2.33. As it turns out, this example is a special case in
n = 3 for the subsequent corollary on the maximal dimension of Isom0(M̃(n+2), g̃).
Example 2.34. Let A ∈ End(V), dim V = 3, be given through
A =
λ 0 00 λ 0
0 0 µ

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for λ, µ ∈ R∗ with 2λ + µ = 0. Then, up to multiplication by scalars,
F =
 0 1 0−1 0 0
0 0 0

is the only non-trivial possible solution to (2.35). Using Rodrigues’s formula for the matrix
exponential exp : so(3) −→ SO(3), given through
exp(X) := exp
 0 −c bc 0 −a
−b a 0








a2 + b2 + c2, we conclude ker(t 7→ exp(tF)) = 2πZ. Hence {Φt} ∼= R/2πZ =
S1 and thus Isom0(M̃(n+2), g̃) = S1 n He(3).
Indeed, if we generalize the preceding example, we may state the following corollary
from Theorem 2.33.
Corollary 2.35. Let dim V = n and A ∈ End(V) be a traceless self-adjoint operator such that
V = E1⊕ E2 is a splitting of V, where E1, E2 are the eigenspaces of A such that dim E1 = n− 1,
dim E2 = 1. Then Isom0(M̃(n+2), g̃) is a Lie subgroup of the full isometry group of dimension
(n+2)(n+3)
2 − dim he(n).
Proof. The only restriction in the choice of an F ∈ so(n) satisfying (2.35) is given through
the distinct eigenvalues for the two eigenspaces of A, i.e. F : V = E1⊕ E2 −→ E1⊕ E2 has
to leave the eigenspaces invariant. As F is skew-adjoint and dim E1 = 1 we obtain for the
Lie algebra s := span{F ∈ so(n) | [A, F] = 0} that dim s = dim so(n− 1) = (n−1)(n−2)2 .
Hence
dim isom(M̃(n+2), g̃) = dim he(n) + dim s
= (2n + 1) + (n−1)(n−2)2 =
(n + 2)(n + 3)
2
− (2n + 1).
This completes the proof.
Remark 2.36. We point out that self-adjoint operators A ∈ End(V) whose two eigenspaces
yield a decomposition V = E1 ⊕ E2 with dim E2 = 1 do not occur in the explicit constructions
in [DR10]. This is since they could not be shown to yield compact quotients in dimensions 3j+ 2
with j > 1.
More precisely, the examples in [DR10] contain operators A ∈ End(V) with at most three
distinct eigenvalues λ1, λ2, λ3 ∈ R with j = dim E1 = dim E2 = dim E3 = n3 . Hence,
choosing λ1 = λ2 6= λ3, we can construct by Corollary 2.35 complete, compact Lorentzian
manifolds with essentially parallel Weyl tensor whose full isometry group has dimension at least
(n+2)(n+3)
2 − (2 · (
n
3 )
2 + n + 2).
Proof. Choosing λ1 = λ2 6= λ3, the required F ∈ so(n) has to commute with the
operator A, whence F(E1 ⊕ E2) = E1 ⊕ E2 and F(E3) = E3. Thus it holds
dim isom(M̃(n+2), g̃) = dim he(n) + dim s
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2 = 2 · (
n
3 )
2 + n + 2 this completes the proof.
Remark 2.37. We remark that Theorem 2.33 answers a question of Derdziński posed in
[DR07] in the Lorentzian case. Namely it shows that a compact Lorentzian manifold with essen-
tially parallel Weyl tensor cannot be locally homogeneous.

3 LO R E N T Z I A N M A N I F O L D S W I T H H I G H E S T
F I R S T B E T T I N U M B E R
Within this chapter we consider orientable decent Lorentzian manifolds. We aim to
prove a Lorentzian version of the classical Bochner result by which any compact, ori-
ented Riemannian manifold N with non-negative Ricci curvature has first Betti number1
b1(N ) ≤ dimN and b1(N ) = dimN if and only if it is isometric to the flat torus [Pet06,
Ch. 7, Corollary 19]. Our results where motivated by the following theorem.
Theorem 3.1 ([Lär11, Theorem 2.82]). Let (M, g) be an orientable decent Lorentzian manifold
such that the leaves of L⊥ are compact2 and the Ricci curvature of g is non-negative on L⊥×L⊥.
Then the Betti numbers are restricted to
b ≤ b1(M) ≤ dim(M)− 1 + b,
where b ∈ {0, 1} and b = 1 ifM is compact or b = 0 ifM is non-compact.
The main intention of this chapter is to prove that the upper bounds in this theorem
are taken if and only if the manifold M is diffeomorphic to a finite cover of the torus
(in the compact case) or the product of the real line with the torus (in the non-compact
case) and g has light-like hypersurface curvature, see Theorem 3.8.
Definition 3.2 ([Lei06]). A decent Lorentzian manifold (M, g) is said to have light-like hy-
persurface curvature, if and only if the curvature Rg satisfies
Rg(X, Y)W ∈ Γ(L) (3.1)
for all X, Y, W ∈ Γ(L⊥).
As one easily observes, Lorentzian manifolds with light-like hypersurface curvature
are generalizations of pp- resp. pr-waves by weakening the curvature condition imposed.
Although with the weaker condition (3.1) the curvature is still very degenerate, the
following fact concerning the holonomy holds true.
Remark 3.3 ([Lei06, Proposition 12]). For any of the four types of indecomposable, non-
irreducible Lorentzian holonomy (see Section 1.1) and any Riemannian holonomy algebra g there
is a Lorentzian manifold (M, g) with light-like hypersurface curvature such that the holonomy
of (M, g) is of the given type and its screen holonomy is equal to g.
In order to prove the mentioned Bochner result we need some preliminary observa-
tions. Let (M(n+2), g) be an (n + 2)-dimensional orientable decent Lorentzian manifold
with recurrent light-like vector field V ∈ Γ(L). Recall from Section 1.3 that by fixing a
1 We define the first Betti number of any manifoldM to be the rank of H1(M,R).
2 We remind the reader that for decent Lorentzian manifolds, the leaves are either closed or dense due to
Theorem 1.25.
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realization S of the screen bundle and denoting by gR the associated Riemannian metric
on M (see (1.19) on page 20), we obtain a transversally oriented Riemannian flow F
on the oriented manifold L⊥ by the flow of V and the Riemannian metric h obtained by
restricting gR to L⊥, cf. Lemma 1.32 and Proposition 1.31. Throughout this chapter we will
denote this Riemannian flow by (L⊥, F , h). As a first observation we get:
Lemma 3.4. Let L⊥ be a compact (n + 1)-dimensional leaf of L⊥. Then
H1dR(L⊥) = H1B(F )⊕ H
for H a subgroup of HnB(F ) ∈ {0,R}.
Proof. Since (L⊥, F , h) is a Riemannian flow, by Theorem 1.38, there exists a bundle-
like metric ĥ such that the mean-curvature 1-form κ to (L⊥, F , ĥ) is basic-harmonic. By
the Gysin sequence for (L⊥, ĥ), cf. Theorem 1.42, we obtain an exact sequence
0 −→ H1B(F ) −→ H1dR(L⊥) −→ H0κ(F ) −→ H2B(F ) −→ . . . (3.2)
and by taking into account that H0κ(F ) ∼= HnB(F ), by the Poincaré duality Theorem 1.41
this translates into the long exact sequence
0 −→ H1B(F ) −→ H1dR(L⊥)
Φ−→ HnB(F ) −→ H2B(F ) −→ . . . (3.3)
and thus we obtain the short exact sequence
0 −→ H1B(F ) −→ H1dR(L⊥) −→ H −→ 0 (3.4)
for H := im Φ ⊂ HnB(F ). In particular this is a short exact sequence of vector spaces
and hence splits as a direct sum. Since HnB(F ) ∈ {0,R} by Theorem 1.39 this completes
the proof.
By assuming non-negativity of the Ricci curvature on L⊥ × L⊥, we obtain the fol-
lowing estimation for the dimensions of H1dR(L⊥) and H1B(F ). This is precisely [Lär11,
Proposition 2.81]. However, to be self-contained, make the upcoming proofs more pre-
cise and to fix notation we will present its full proof here.
Lemma 3.5. Let L⊥ be a compact (n + 1)-dimensional leaf of L⊥ and Ricg |L⊥×L⊥ ≥ 0. Then
b1(L⊥) ≤ dim H1B(F ) + 1 ≤ dimL⊥.
Proof. Again, consider the Riemannian flow (L⊥, F , h) and the bundle-like metric ĥ
such that the mean-curvature 1-form κ of (L⊥, F , ĥ) is basic-harmonic, constituted by
Theorem 1.38. In particular, the induced metrics on Σ|L⊥ = L⊥/TF coincide and hence
so do the induced transversal connections. Defining by Ŝ := ker ĥ(V, ·) a realization of
Σ|L⊥ , the transversal Levi-Civita connection ∇T : Γ(Ŝ) −→ Γ(T∗L⊥ ⊗ Ŝ) is given by
∇TXY :=
prŜ(∇̂XY), X ∈ Γ(Ŝ),pr
Ŝ
([X, Y]), X ∈ Γ(L),
(3.5)
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for any Y ∈ Γ(Ŝ), where ∇̂ is the Levi-Civita connection to ĥ (see (1.30) on page 27).
Since Rg(·, ·)V ∈ Γ(L) and g




Ŝ×Ŝ ≥ 0. (3.6)
Because any class in H1B(F ) can be represented by a ∆B-harmonic one-form α ∈ Ω1B(L)
due to Theorem 1.37, we choose such a basic-harmonic α for each generator of H1B(F ).
To apply a Bochner argument we need an appropriate Weizenböck formula which is








where α] is the dual to α w.r.t. ĥ. Hence ∇TXα = 0 for all X ∈ Γ(TL⊥). This proves
dim H1B(F ) ≤ n = dim Ŝ and thus the second asserted inequality. For the first inequality
we apply Lemma 3.4; this completes the proof.
Applying these results we see that maximality of the dimension of the first Betti
number of L⊥ and Ricg |L⊥×L⊥ ≥ 0 already yield that L⊥ is the torus with the curvature
of ∇g|L⊥ on L⊥ being light-like.
Proposition 3.6. Let (M(n+2), g) be an oriented (n + 2)-dimensional decent Lorentzian man-
ifold such that Ricg |L⊥×L⊥ ≥ 0 and the leaves L⊥ of the codimension one foliation induced by
L⊥ are compact. Then, b1(L⊥) ≤ n + 1 and b1(L⊥) = n + 1 if and only if ∇g|L⊥ has light-like
curvature and L⊥ is diffeomorphic to the torus.
Proof. The proof works as follows: Let b1(L⊥) = n + 1. We will define for every real-
ization of the screen bundle another screen distribution on L⊥ which is horizontal and
involutive. The associated Riemannian metric h to this screen distribution then has non-
negative Ricci curvature by Proposition 1.21 and hence (L⊥, h) is the flat torus implying
∇g|L⊥ to have light-like curvature by (1.27).
Step 1. Fix a realization of the screen bundle and hence a Riemannian flow (L⊥, F , h)
on L⊥. Recall that HnB(F ) ∈ {0,R} and assume HnB(F ) = 0. Then we would have
Lemma 3.4 that H1B(F ) ∼= H1dR(L⊥) which is impossible due to b1(L⊥) = n + 1 and
Lemma 3.5. Hence HnB(F ) = R and Theorem 1.39 implies that there is a metric ĥ with
ĥ(V, V) = 1 turning (L⊥, F , ĥ) into an isometric Riemannian flow, i.e. V is a ĥ-Killing
field and therefore LVχ = 0 and κ = 0 for χ := ĥ(V, ·), cf. Remark 1.30.
Step 2. By Lemma 3.5 and b1(L⊥) = n + 1 we infer dim H1B(F ) = n. For (L⊥, F , ĥ)
being an isometric Riemannian flow, the Gysin long exact sequence (3.3) is given as
0 −→ H1B(F ) −→ H1dR(L⊥)
ι∗−→ H0B(F )
δ−→ H2B(F ) −→ . . . (3.7)
where ι = (V y ·) and δ = [dχ ∧ ·], cf. Theorem 1.43. Note that since H0κ(F ) ∼= HnB(F )
by the Poincaré duality Theorem 1.41 and κ = 0 we have
H0B(F ) = H
0
κ(F )
∼= HnB(F ) = R.
This together with (3.7) implies the short exact sequence
0 −→ H1B(F ) −→ H1dR(L⊥) −→ im ι∗ −→ 0 (3.8)
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with im ι∗ = R since b1(L⊥) = n + dim im ι∗. Hence, by the exactness of (3.7), ker δ = R
and so 0 = δ([1]) = [1 · dχ], i.e. [dχ] vanishes in H2B(F ). In this case, dχ = dBα for some
α ∈ Ω1B(L⊥). Then, ω := χ− α ∈ Ω1(L⊥) is closed w.r.t. d and ω(V) = 1. We define
S := ker ω. (3.9)
Obviously, S is involutive and it is horizontal since LVω = LVχ−LVα = 0 as α is a
basic 1-form and LVχ = 0 by Step 1.
Step 3. Define a Riemannian metric Θ on L⊥ associated to g and S by
Θ(X, Y) :=

1, X = Y = V
g(X, Y), X, Y ∈ Γ(S)
0, X ∈ Γ(L) and Y ∈ Γ(S) or Y ∈ Γ(L) and X ∈ Γ(S)
and linear extension. Since S is horizontal and involutive, Proposition 1.21 yields
RicΘ = Ricg |L⊥×L⊥ ≥ 0.
Therefore, (L⊥, Θ) turns into a compact, orientable Riemannian manifold with non-
negative Ricci-curvature and is thus isometric to the flat torus. In particular, equation
(1.27) in Proposition 1.21 implies that (L⊥,∇g|L⊥) has light-like curvature.
The last lemma we need relates the dimension of H1dR(M) with the dimension of
H1dR(L⊥) for a compact leaf of the codimension one foliation L⊥.
Lemma 3.7. Let (M(n+2), g) be an (n + 2)-dimensional decent Lorentzian manifold such that
the leaves L⊥ of the codimension one foliation induced by L⊥ are compact. Then,
(i) b1(M) ≤ b1(L⊥) + 1.
(ii) π1(M) ∼= Z ϕnπ1(L⊥) for a homomorphism ϕ ∈ Hom(Z, Aut(π1(L⊥))) and hence
H1(M,Z) ∼= Z⊕ H1(L⊥,Z)/K,
for the subgroup K of π1(L⊥) generated by the elements ϕ(k)([γ]) · [γ]−1 with k ∈ Z and
[γ] ∈ π1(L⊥).
Proof. Since L⊥ is the kernel of σ for σ := g(V, ·) and dσ = 0, all leaves have trivial
leaf holonomy by Theorem 1.24 (i). Moreover, by Theorem 1.24 (iii), the compactness
assumption for the leaves implies thatM fibers over S1 or R with each leaf being given
as a fiber of the fibration. Hence, if M is not compact, M fibers over R and thus
M ' R× L⊥ for a fixed leaf. Otherwise, if M is compact, M fibers over S1 and the
long exact sequence of homotopy groups for fibrations [Hat02, Theorem 4.41] yields
0 −→ π1(L⊥) −→ π1(M) −→ Z −→ 0
and hence π1(M) ∼= Z ϕnπ1(L⊥) for some ϕ ∈ Hom(Z, Aut(π1(L⊥))) since Z is free.
By the Hurewicz theorem we have H1(M,Z) ∼= π1(M)ab, where for any group G we
denote with Gab := G/[G, G] its Abelization. However, for any semi-direct product
G = A ψnB for some ψ ∈ Hom(A, Aut(B)) there is the identity
Gab = Aab ⊕ Bab/H
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with H denoting the subgroup of B generated by elements ψ(a)b · b−1 with a ∈ A and
b ∈ B, cf. [GG09, Proposition 3.3]. Therefore, we see that
H1(M,Z) ∼= π1(M)ab ∼= Z⊕ H1(L⊥,Z)/K
for the subgroup K generated by the elements ϕ(k)([γ]) · [γ]−1, k ∈ Z, [γ] ∈ π1(L⊥). In
particular, b1(M) = 1 + rank H1(L⊥,Z)− rank K ≤ b1(L⊥) + 1.
As a subsumption of the preceding results we obtain the announced Bochner-type
theorem for decent Lorentzian manifolds.
Theorem 3.8. Let (M(n+2), g) be an orientable (n + 2)-dimensional decent Lorentzian mani-
fold. Assume that the leaves of the codimension one foliation induced by the distribution L⊥ are
compact and Ric |L⊥×L⊥ ≥ 0.
(i) If M is compact then b1(M) ≤ n + 2 and b1(M) = n + 2 if and only if M is – up
to finite cover – diffeomorphic (homeomorphic3 if dimM = 4) to the torus and g has
light-like hypersurface curvature.
(ii) If M is non-compact then b1(M) ≤ n + 1 and b1(M) = n + 1 if and only if M is
isometric to R×Tn+1 and g has light-like hypersurface curvature.
In both cases, the leaves of L⊥ are all diffeomorphic to the torus Tn+1.
Proof. Ad (i). Since b1(M) = n + 2 we infer b1(L⊥) = n + 1 by Lemma 3.7 (i) taking
into account that b1(L⊥) ≤ dimL⊥ = n + 1 by Lemma 3.5. Hence, all assumptions of
Proposition 3.6 are satisfied. We obtain, that the connection ∇g|L⊥ on each leaf L⊥ in-
duced by the Levi-Civita connection of g has light-like curvature. By [Lei06, Proposition
6] this is equivalent for (M, g) to have light-like hypersurface curvature.
Since L⊥ = Tn+1 and henceM fibers over S1 with toric fibers, the long exact sequence
of homotopy groups for fibrations implies that for k > 1 all homotopy groups πk(M)
vanish. Therefore,M is a K(π1(M), 1)-space (see page 37), while
π1(M) ∼= Z ϕnπ1(L⊥) ∼= Z ϕnZn+1
by Lemma 3.7 (ii) and since π1(L⊥) = Zn+1. By assumption, H1(M,Z) = Zn+2 ⊕ Tor
and hence
Zn+2 ⊕ Tor = H1(M,Z) = Z⊕Zn+1/K
by Lemma 3.7 (ii). But this equation can only hold, if K is trivial. Namely, comparing
the ranks of the left and the right hand side, we observe
n + 2 = 1 + (n + 1)− rank K ⇐⇒ rank K = 0.
As K is a subgroup of π1(L⊥) ∼= Zn+1 it has no torsion and hence must be trivial. There-
fore, Mn+2 is a K(Zn+2, 1)-space and is thus homotopy-equivalent to the torus [Hat02,
Theorem 1B.8]. But in the case of the torus, for dimM ≤ 3 this is even equivalent for
3 In dimension four, M is only known to be homeomorphic to the torus and to our best knowledge it seems
to be an open problem in geometric topology ifM must be also diffeomorphic to the torus.
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M itself4 or some finite cover (if dimM > 4) to be diffeomorphic to the standard torus
[WR99, Page 236]. For dimM = 4 we can only conclude that M is homeomorphic to
T4 [FQ90, Chapter 11.5].
Ad (ii). The second part is straightforward since M ' R×L⊥ for a fixed leaf L⊥ by
Theorem 1.24 (iii) and hence n + 1 = b1(M) = b1(L⊥) so Proposition 3.6 applies.
Remark 3.9. IfM is non-orientable, the statements asserted in the theorem inherit to the 2-fold
orientation covering M̂ forM equipped with the metric ĝ being the pull-back of g.
In particular we can still conclude b1(M) ≤ n + 2 since b1(M̂) = b1(M) + bn+1(M),
cf. [Bra69]. Hence the conclusions of Theorem 3.8 concerning the upper bounds of the Betti
numbers and the curvature hold for (M, g), too.
4 For the 3-dimensional case, Waldhausen [Wal68] proved this for Haken manifolds and thus in particular
for 3-dimensional closed manifolds fibering over the circle. Note that for 3-dimensional manifolds classifi-
cations up to diffeomorphism and homeomorphism coincide [Moi52].
4 TOTA L S PA C E S O F C I R C L E B U N D L E S
W I T H S P E C I A L H O LO N O M Y
4.1 construction
We will construct Lorentzian manifolds with special holonomy as total spaces of princi-
pal bundles over the circle. In [Lär11], this construction was already used by the same
motivation to produce examples with non-trivial topology (i.e. manifolds not diffeomor-
phic to a product of L1×L2×B with Li ∈ {R, S1}) and full holonomy of type 1 or 2. We
will provide different examples here and obtain in particular complete Ricci-flat Lorentz-
ian manifolds with prescribed full holonomy. Moreover, our constructions will provide
complete Lorentzian manifolds with holonomy of type 4 which to our best knowledge
are the first of this kind.
Let (N (n+1), h) be an (n + 1)-dimensional Riemannian manifold and ω ∈ H2(N ,Z)
an integral cohomology class. For the S1-bundle π : M −→ N with first Chern class
c1(M) = ω consider the following Lorentzian metric g on M. Take any closed 2-form
Ψ ∈ Ω2(N ) s.t. Ψ represents ω in the de Rham cohomology1 and a corresponding con-
nection A ∈ Ω1(M, iR) with curvature FA = dA = −2πiπ∗Ψ. Then, for any nowhere
vanishing closed 1-form η ∈ Ω1(N ) and any function f ∈ C∞(M) define
g := 2iA π∗η + f · π∗η  π∗η + π∗h. (4.1)
Then, (M(n+2), g) is an (n + 2)-dimensional Lorentzian manifold.
Henceforth, we write Ψ := π ·Ψ, and thus FA = −2iπ∗Ψ. To refer to this construction
we make the following definition.
Definition 4.1. The Lorentzian manifold (M(n+2), g) with g chosen as in (4.1) is called mani-
fold of type (Ψ, A, η, f ) over (N , h).
For the upcoming calculations we will use the following local frame on (M, g). Let




and on M the fundamental vector field ξ ∈ Γ(TM) corresponding to the
S1-action, i.e.
ξ(z) := ĩ(z) =
d
dt
(z · exp(t · i))|t=0,
z ∈ M, which is light-like w.r.t. g. Locally around x ∈ U ⊂ N , we may choose a
frame E1, . . . , En, Eη s.t. h(Ei, Ej) = δij and ker η = span{E1, . . . , En}⊥hREη . Taking its
horizontal lifts E∗i ∈ Γ(TM|π−1(U )) we thus obtain a local orthonormal frame on (M, g):
ei := E∗i , e+ := ζ +
1
2 Hξ, e− := e+ + ξ, (4.2)
1 Throughout this chapter we will write ω ∈ H∗dR(N ) ∩ H
∗(N ,Z) to indicate that ω is chosen to be a class
in the de Rham cohomology whose image under the isomorphism H∗dR(N ) ∼= H
∗(N ,R) is actually in
H∗(N ,Z), i.e. the integral of ω over all singular cycles is an integer.
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with ζ := E∗η , H := ( f +
1
||η]||2h
− 1) and i = 1, . . . , n. Then, g(ei, ej) = δij, g(ei, e+) =
g(ei, e−) = 0, g(e+, e+) = 1 and g(e−, e−) = −1.
We do now proceed to calculate the Levi-Civita connection corresponding to g. Note
that in all forthcoming formulas, the Latin indices i, j, k and ` run from 1 to n and ξ, +
denoted as index within tensors means plugging in the vector field ξ or e+, respectively.
Moreover, we omit the components with at least one e−-vector since these are immediate
by the multi-linearity and Leibniz-rules of the objects in question.
Lemma 4.2. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h). Then,
(i) ∇gei ej = ∇hEi Ej
∗
+ ( i2 F
A(ei, ej)− h(Eη ,∇hEi Ej))ξ,
(ii) ∇ge+ej = ∇hEη Ej
∗
+ ψ(Ej)
∗ − (iFA(ej, e+) + 12 dH(ej))ξ,





(iv) ∇ge+e+= ∇hEη Eη
∗
+ 2ψ(Eη)
∗ − 12 gradg f −
1
2 e+( f )ξ,
(v) ∇gξ = − 12 ξ( f ) · π∗η ⊗ ξ.
Here, ψ ∈ Ω1(N , TN ) is defined as h(ψ(Ei), Ej) := Ψ(Ei, Ej) and for any X ∈ Γ(TN ) we
define X := prker η X. Hence, X = X + η(X)Eη .
Proof. Since ei = E∗i are horizontal lifts, one has [ei, ξ] = [ζ, ξ] = 0 and
[X∗, Y∗] = [X, Y]∗ − ˜FA(X, Y) = [X, Y]∗ + iFA(X∗, Y∗)ξ,
[e+, X∗] = [ζ, X∗] + 12 [Hξ, X
∗] = [Eη , X]∗ + (iFA(ζ, X∗)− 12 dH(X
∗))ξ,
for all X, Y ∈ Γ(TN ). Moreover, by taking into account that η ∈ Ω1(N ) is closed and
η(Eη) ≡ 1, we see that
η([Ei, Ej]) = η([Eη , Ei]) = 0
for i = 1, . . . , n. The formulas (i) to (v) are now immediate consequences of the Koszul
formula for ∇g.
In the case of the circle bundle metrics studied in this chapter we clearly have that
L = Rξ and, locally, L⊥ = span{ξ, e1, . . . , en}. Moreover we have a canonical realization




ξ − e− (4.3)
a light-like vector field with g(ξ, Z) = 1. Then, the metric g is non-degenerate on the
plane span{ξ, Z} and we obtain a realization of the screen bundle by S := span{ξ, Z}⊥g
with nice properties:
Lemma 4.3. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h). Then, realizing the screen
bundle as S = {ξ, Z}⊥g , we obtain a horizontal realization of the screen bundle. Moreover,
the screen distribution S is involutive if and only if FA|ker π∗η×ker π∗η = 0 or, equivalently,
η ∧Ψ = 0.
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Proof. Of course, choosing, locally, the orthonormal frame (4.2), we clearly have that
S|π−1(U ) = span{e1, . . . , en}. Now, since [ξ, ei] = 0, S is horizontal. Moreover, we have
[ei, ej] = [Ei, Ej]∗ + iFA(ei, ej)ξ.
Consequently, [ei, ej] ∈ Γ(S) if and only if FA(ei, ej) = 0 or, equivalently, η ∧Ψ = 0.
Indeed, this does in general not imply that we cannot find another realization of
the screen bundle which is involutive and horizontal. But in fact, one can construct
manifolds of type (Ψ, A, η, f ) over (N , h) for which such a realization cannot exist, cf.
Example 4.8 or [Lär11, Corollary 2.71].
4.2 completeness
We are now interested in conditions for which the Lorentzian manifolds (M(n+2), g)
of type (Ψ, A, η, f ) over (N , h) are complete. To establish criteria for completeness we
preliminarily prove the following proposition which is a slight generalization of [RS94a,
Proposition 2.1] in the Lorentzian case. However, for the sake of completeness, we
present the proof here.
Proposition 4.4. Let (M(n+2), g) be a Lorentzian manifold with timelike vector field X that
satisfies the following three conditions:
(i) g(X, X)−1 is bounded onM,
(ii) the Riemannian metric gR given by
gR|X⊥×X⊥ = g, gR(X, X) = −g(X, X), gR|X⊥×X = gR|X×X⊥ = 0,
is complete.
Then for every inextensible g-geodesic γ : [0, ε) −→M, the map
t ∈ [0, ε) 7−→ (LXg)(γ̇(t), γ̇(t))
is unbounded. (Here LXg denotes the Lie-derivative of g along X.)
Proof. Let γ : [0, ε) −→ M be an inextensible g-geodesic with 0 < ε < ∞. It suffices
to show that the function t ∈ [0, ε) 7−→ gR(γ̇(t), γ̇(t)) ∈ R is bounded. Namely, in
this case, {xn := γ(tn)} for some {tn} → ε is a dR-Cauchy sequence, where dR denotes
the geodesic distance w.r.t. gR. Since gR is complete, the closure of {xn} is compact
and so there exists a convergent subsequence to, say, x ∈ M. But as {xn} is Cauchy,
it converges to x, too, while the sequence {tn} with tn → ε can be chosen arbitrarily.
But then γ : [0, ε) −→ M is extensible beyond ε via limt→ε− γ(t) := x which is a
contradiction.
Let X̂ := X/||X||. Since g(X̂, X̂) = −1, gR(X̂, X̂) = 1 and prX̂⊥ γ̇ = γ̇ + g(X̂, γ̇)X̂, we
obtain
g(γ̇, γ̇) = g(prX̂⊥ γ̇− g(X̂, γ̇)X̂, prX̂⊥ γ̇− g(X̂, γ̇)X̂)
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= g(prX̂⊥ γ̇, prX̂⊥ γ̇)− 2g(prX̂⊥ γ̇, g(X̂, γ̇)X̂) + g(X̂, γ̇)
2g(X̂, X̂)
= g(prX̂⊥ γ̇, prX̂⊥ γ̇)− g(X̂, γ̇)
2
and
gR(γ̇, γ̇) = gR(prX̂⊥ γ̇− g(X̂, γ̇)X̂, prX̂⊥ γ̇− g(X̂, γ̇)X̂)
= gR(prX̂⊥ γ̇, prX̂⊥ γ̇)− 2g
R(prX̂⊥ γ̇, g(X̂, γ̇)X̂) + g(X̂, γ̇)
2gR(X̂, X̂)
= gR(prX̂⊥ γ̇, prX̂⊥ γ̇) + g(X̂, γ̇)
2.
Since gR|X⊥×X⊥ = g it follows




Since g(γ̇, γ̇) is constant and g(X, X)−1 is bounded, we are left to show that g(X, γ̇) is







Hence, if (LXg)(γ̇, γ̇) is bounded, so is ddt g(X, γ̇) and consequently, also g(X, γ̇) on
[0, ε).
With the aid of the former proposition we can now prove the following.
Theorem 4.5. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h) with compact base N s.t.
the function f ∈ C∞(M) is constant along the fibers and η] is a Killing field on (N , h). If,
moreover, Ψ(η], ·) = 0 then (M(n+2), g) is complete.
In particular, on M there exists a nowhere-vanishing timelike Killing vector field if it addi-
tionally holds ζ( f ) = 0.
Proof. We define a vector field K ∈ Γ(TM) by
K := ζ + C2 · ξ with constant C := maxM g(ζ, ζ) + ε ∈ R, (4.4)
where ε > 0 is arbitrarily chosen.
To apply Proposition 4.4, we have to show that K ∈ Γ(TM) is timelike as the condi-
tions (i) and (ii) are satisfied sinceM is compact.
For the length of K we get
g(K, K) < −ε < 0
due to the definition of C ∈ R.
Since Ψ(η], ·) = 0, we obtain by the formulas in Lemma 4.2, and the fact that
∇gK = ∇gζ = ∇ge+ − 12 dH ⊗ ξ




ζ( f )π∗η  π∗η.
Since π∗η = −g(ξ, ·) is ∇g-parallel and ζ( f ) is bounded as M is compact, there is no
inextensible geodesic on (M, g) by Proposition 4.4, hence completeness follows.
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As we will see in the next section there are quite a lot of examples that fulfill the
assumptions made in the previous theorem and are hence geodesically complete. How-
ever, the assumption Ψ(η], ·) = 0 is not absolutely necessary. Indeed, the next proposi-
tion gives examples for compact manifolds of type (Ψ, A, η, f ) over (N , h) with compact
base N and Ψ(η], ·) 6= 0 which are complete, too.
Proposition 4.6. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h) with compact base N s.t.
the function f ∈ C∞(M) is constant along the fibers. Let either
(i) α ∈ Ω1(N ) be a h-parallel 1-form with η(α]) = 0 or
(ii) N = B × S1, η = du the coordinate 1-form2 on S1, b1(B)=0 and α a closed 1-form on B.
Then, choosing Ψ := α ∧ η, the manifold (M(n+2), g) is complete.




ζ( f )π∗η  π∗η + 2π∗α π∗η.
Assume there is an inextensible geodesic γ : [0, ε) −→ M. To prove (ii), let α = dτ.
If we denote by δ := prB ◦π ◦ γ the projected curve on B, then by Lemma 4.2, δ is a
hB-geodesic and as τ ∈ C∞(B),
π∗α(γ̇) = dτ(dπ(γ̇)) = dτ(δ̇) = hB(gradhB τ, δ̇) ≤ || gradhB τ|| · ||δ̇||
by the Cauchy-Schwarz inequality. Hence, π∗α(γ̇) is bounded. Since N and M are
compact, ζ( f ) is bounded, while π∗η = −g(ξ, ·) is ∇g-parallel. Hence, (LKg)(γ̇, γ̇) is
bounded and the assertion now follows from Proposition 4.4.






g(π∗α], γ̇(t)) = (2α(α])η(η]) + 12 d f (α
]) + 1) · π∗η(γ̇).
Since η(η]), α(α]) and d f (α]) are bounded ddt α(γ̇) is bounded on [0, ε) and hence so is
again π∗α(γ̇). The same arguments as in (i) complete the proof.
As we have already mentioned, the Lorentzian manifolds of type (Ψ, A, η, f ) over
(N , h) were already studied in [Lär11] to produce Lorentzian manifolds with special
holonomy. Namely, there it was proven that for particular choices of (Ψ, η, f ) and the
base manifold (N , h), the resulting manifolds (M(n+2), g) of type (Ψ, A, η, f ) over (N , h)
have full holonomy Hol(M(n+2), g) = (R+×G)nRn for recurrent or Hol(M(n+2), g) =
G nRn for parallel fundamental vector field ξ ∈ Γ(TM), where G := Hol(B, hB) is
the holonomy group of a certain Riemannian manifold (B, hB) and N = B × S1.3 In
particular, in [Lär11, Prop. 2.42] it is proven that taking N = Tn = Tn−1 × S1 and
Ψ = du∧ dv, the resulting manifold (M(n+2), g) of type (du∧ dv, A, du, f ) over (Tn, gTn)
is complete. This result however turns out to be a special case of our Proposition 4.6.
Moreover, all provided compact examples with special holonomy and base N = B × S1
in [Lär11] are complete by Theorem 4.5, when f ∈ C∞(M) is chosen to be constant
along the fibers.
2 On S1 we consider the coordinate vector fields ∂∂θ resp. 1-forms dθ induced by the coordinates constituted
by the angle function θ : U ⊂ S1 −→ R with eiθ(p) = p for all p ∈ U .
3 In [Lär11], the manifold (M(n+2), g) then is called of toric type.
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4.3 geometry
A possible question in the discussed construction is, whether the obtained Lorentzian
manifolds with special holonomy produce examples with certain distinguished geome-
tries. Indeed, for the case M = Rn+2, a similar family of metrics was studied in
[GP08, LG10], where Gibbons, Pope, Leistner and Galaev considered conditions under
which certain Walker metrics produce Einstein metrics. An in some sense generalized
but global version of the Walker metrics they considered is the presented construction
of Lorentzian manifolds (M(n+2), g) of type (Ψ, A, η, f ) over (N , h). The present sec-
tion therefore deals with the question, whether these constructions produce Ricci-flat or
even Einstein metrics with non-zero cosmological constant. As it turns out, the former
is possible, while the latter is not due to the fact that the Hessian of f ∈ C∞(M) cannot
be constant on ξ × ξ. Together with the former considerations in this paper we thus ad-
ditionally obtain completeness results for the obtained Ricci-flat Lorentzian manifolds.
We proceed to present the formulas for the Riemannian curvature tensor Rg and the
Ricci tensor Ricg, where we use the sign convention









With the symbol ? we denote the Kulkarni–Nomizu product.
Lemma 4.7. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h). Then the only non-vanishing












hη ?∇hη)(Ei, Eη , Eη , Ej)
+ 2(Ψ(·, Eη) (∇hη)(Eη))(Ei, Ej) + (∇hEi Ψ)(Eη , Ej) + (∇
h
Ej Ψ)(Eη , Ei)






hη ?∇hη)(Ei, Ej, Ek, Eη)
+ (Ψ(·, Eη) ∧ (∇hη)(Ek))(Ei, Ej) + (∇hEk Ψ)(Ei, Ej), (4.7)
Rgi++ξ = −
1
2 (Hessg f )(ei, ξ), (4.8)
Rg+ξξ+ = −
1
2 (Hessg f )(ξ, ξ). (4.9)
Proof. The proof is straightforward by Lemma 4.2. Note that the (2, 0)-tensor ∇η is
symmetric since η is closed. Namely, as 0 = dη(X, Y) = X(η(Y))−Y(η(X))− η([X, Y]),
one infers
(∇hXη)(Y) = X(η(Y))− η(∇hXY)
dη=0
= Y(η(X)) + η([X, Y])− η(∇hXY) = (∇hYη)(X),
which justifies the term (∇hη ?∇hη). Moreover, Ψ satisfies the second Bianchi identity
since it is closed.
As a corollary we obtain the following example of a compact Lorentzian pp-wave
admitting no horizontal and involutive realization of the screen bundle.
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Example 4.8. Let N = Tn × S1 be equipped with the metric h = hTn ⊕ du2, where hTn is
the flat metric on the torus constituted by the canonical coframe ξ1, . . . , ξn on Tn and du the
canonical 1-form on S1. Let Ψ := ∑ni,h=1 ψijξ
i ∧ ξ j for constants ψij ∈ R with ψij = −ψji such
that 0 6= [Ψ] ∈ H2(Tn,Z) ∩ H2dR(Tn) and η := du. Then for any f ∈ C∞(M) constant
along the fibers, the manifold (M(n+2), g) of type (Ψ, A, η, f ) over (Tn × S1, h) possesses no
horizontal and involutive realization of the screen bundle.
Proof. Let π : M′ −→ Tn denote the circle bundle corresponding to [Ψ] and hence
M =M′ × S1. Let ∂1, . . . , ∂n be the canonical frame on Tn and ξ1, . . . , ξn the canonical
coframe on Tn. Define Ei := ∂i, i = 1, . . . , n. By Lemma 4.3, the screen distribution
S = {ξ, Z}⊥g defined by Z = 12 ξ − e− is not involutive since [Ψ] 6= 0. Moreover, (M, g)
is a pp-wave by Lemma 4.7 since ∇hΨ = 0.
Now assume that Ŝ = span(Ŝ1, . . . , Ŝn) is any other screen distribution defined by
smooth functions bi onM via Ŝi = ei − biξ. Then
∇gXŜi = ((π
∗Ψ)(X, ei)− dbi(X))ξ (4.10)
for all X ∈ Γ(L⊥). Let αi := (π∗Ψ)(·, ei) and assume that Ŝ is both, horizontal and
involutive. By Proposition 1.19 this is the case if and only if (dαi − dbi) = 0 on L⊥ ∼=
TM′. In particular we would have dbi(ξ) = 0, i.e. the smooth functions bi are constant
along the fibers of π and thus descend to smooth functions ϕi on Tn (e.g. set ϕi(x) =
bi(y, 1) for any y ∈ π−1(x)). By (4.10) and horizontality of Ŝ we obtain
0 = iFA(ei, ej)− (dbj(ei)− dbi(ej)),
on M, or equivalently, for the 1-form β = ∑ni=1 ϕiξ i on Tn that Ψ(∂i, ∂j) = dβ(∂i, ∂j).
Hence Ψ = dβ which contradicts [Ψ] 6= 0.








(∇hη ?∇hη)(dπ(X), ek, ek, dπ(Y)). (4.11)
By contraction of Rg we infer the non-vanishing terms of the Ricci tensor.
Lemma 4.9. Let (M(n+2), g) be of type (Ψ, A, η, f ) over (N , h). Then the only non-vanishing
terms of Ricg are the following:
Ricgij = Ric
h
ij +Tη(ei, ej), (4.12)
Ricgi+ = Ric
h
iη +Tη(ei, e+) +
i
2 ((divg F
A)(ei) + FA(ei, ζ)divg π∗η)
− Ψ(∇hη], Eη)− 12 (Hessg f )(ei, ξ), (4.13)
Ricg++ = Ric
h
ηη +Tη(e+, e+) + 2 traceh[Ψ(·, Eη) (∇hη)(Eη)]
− 2(divh Ψ)(Eη) + ||ψ||h − 12 ∆g f − ξ( f )(
1
2 ξ( f ) + 1), (4.14)
Ricgξ+ = −
1
2 (Hessg f )(ξ, ξ), (4.15)
where div is the divergence of a tensor.4
4 Let T be a (r, 0) tensor and g0 a semi-Riemannian metric. Then we define the divergence of T through
divg0 T := ∑k εk(∇
g0
ek T)(ek, ·, . . . , ·), where ei is a g0-orthonormal frame with εk := g0(ek, ek).
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Remark 4.10. If η ∈ Ω1(N ) is recurrent, i.e. ∇hη = α ⊗ η for some α ∈ Ω1(N ), then
(∇hη ?∇hη) and hence Tη already vanishes identically.
Remark 4.11. To compare the curvature equations of Lemma 4.7 and Lemma 4.9 with the results
in [GP08], note that in their notation, Fαβ = −FAαβ and gαβ = δαβ ≡ const.
As the following theorem proves, this construction yields examples for Ricci-flat man-
ifolds, even in the non-trivial case where (N , h) is Ricci-flat but Ψ 6= 0. An obvious
obstruction is the fact that for g to be Ricci-flat, f ∈ C∞(M) must be constant along the
fibers due to (4.15).
Theorem 4.12. Let N := B × S1 or N := B ×R with h := hB ⊕ du2 for an n-dimensional
Riemannian manifold (B, hB). Moreover, let (B, hB) be Ricci-flat and η := du the coordinate
1-form on S1 resp. R. Choose ω ∈ H1dR(B) ∩ H1(B,Z) and a representative α ∈ ω and
consider the S1-bundle π : M −→ N with c1(M) = [α ∧ η]. Finally, choose Ψ := α ∧ η and
f := f̂ ◦ π ∈ C∞(M), where f̂ := fB · fS1 with fB ∈ C∞(B) and fS1 ∈ C∞(S1).
Then, the Lorentzian manifold (M(n+2), g) of type (Ψ, A, η, f ) over (N , h) is Ricci-flat if and
only if ∆hB ( fB) = −4 divhB (α).
Proof. Due to the definition of h and η, ∇hη = 0. As α and η are linearly independent,
we may choose, locally, on B a local orthonormal frame E1, . . . , En and consider the
corresponding basis as in (4.2). Therefore, FA(ei, ej) = 0 and Ψ(Ei, Ej) = 0 for all
i, j = 1, . . . , n. We obtain:
(divh Ψ)(Eη) = divhB (α) = divhB (α
]).




∆hB ( fB)− 2 divhB (α),
which proves the theorem.
For the existence of concrete examples one needs to find solutions of the Poisson
equation
∆hB ( fB) = −4 divhB (α).
Indeed, since (B, hB) is assumed to be connected and without boundary, we obtain the
following:
Corollary 4.13. If (B, hB) is a compact Ricci-flat manifold then we always find a unique (up
to a constant) fB ∈ C∞(B) s.t. the Lorentzian manifold (M(n+2), g) as in Theorem 4.12 with
N = B × S1 is Ricci-flat.
Proof. If ω = 0 we choose fB such that α = − 14 d fB with α ∈ ω. Otherwise, since
div(α) = div(α]) and
∫
B div(α
]) = 0 as ∂B = ∅, we always find a unique (up to
a constant) solution fB ∈ C∞(B) to the Poisson equation ∆hB ( fB) = −4 divhB (α), cf.
[Aub98, Theorem 4.7].
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If (B, hB) is compact with b1(B) > 0 and ω 6= 0, the representative α ∈ ω needs
to be chosen non-harmonic for the function fB ∈ C∞(B) to be non-constant. More-
over, note that the condition b1(B) > 0 is satisfied for compact Ricci-flat Riemannian
manifolds whenever on (B, hB) exists at least one Killing vector field, since in this case
b1(B) = dimR kill(B, hB), cf. [Bes87, Theorem 1.84]. For example one may take the Ricci-
flat metric on some Calabi-Yau manifold of dimension n = 2m, i.e. a compact Kähler
manifold with trivial first Chern class. Examples for such are e.g. K3 × Tk or more
generally products of compact hyper-Kähler manifolds, i.e. a 4k-dimensional Rieman-
nian manifold with holonomy contained in Sp(k), with the flat torus. Another list of
examples can be constructed from [FW75, Theorem 4.1]. For b1(B) = 0 we can take com-
pact G2- or Spin(7)-manifolds [Joy96a, Joy96b] which are always Ricci flat. However, if
(B, hB) is a Spin(7)-manifold it is also simply-connected an hence the constructed circle
bundle in Theorem 4.12 is trivial.
Moreover, by Proposition 4.6, the compact manifolds in Corollary 4.13 and thus in
particular the just stated examples, are all complete.
Corollary 4.14. Every compact Ricci-flat Lorentzian manifold occurring in Corollary 4.13 is
complete. This even holds for arbitrary fB ∈ C∞(B).
Proof. Choose ω ∈ H1dR(B) ∩ H1(B,Z) and a representative α ∈ ω. If ω = 0 then
Proposition 4.6 (ii) proves the statement. When ω 6= 0 and (B, hB) is assumed to be
compact and Ricci-flat, we can write α = α̂ + dϕ, where α̂ = K[ is the dual 1-form to a
Killing field
K ∈ kill(B, hB) = {X ∈ Γ(TM) | ∇hBX = 0}.
Let Ψ := α ∧ η, Ψ̂ := α̂ ∧ η and A, Â denote corresponding connection forms, i.e. with
dA = −2πiπ∗Ψ and dÂ = −2πiπ∗Ψ̂, respectively. Then
A = Â− 2πi(ϕ ◦ π)π∗η. (4.16)
With the data chosen as in Theorem 4.12 we infer
g = 2iA π∗η + ( f + 1) · π∗η  π∗η + π∗hB
(4.16)
= 2iÂ π∗η + (4π(ϕ ◦ π) + f ) · π∗η  π∗η + π∗hB
= 2iÂ π∗η + f̂ · π∗η  π∗η + π∗hB
for f̂ := 4π(ϕ ◦π)+ f . Hence, the Lorentzian manifold (M(n+2), g) is of type (Ψ̂, Â, η, f̂ )
over (N , h) and the assumptions of Proposition 4.6 (i) are all satisfied, yielding the
completeness.
For the Einstein case with non-zero cosmological constant and particular Ricci-flat
cases one has the following non-existence result:
Proposition 4.15. Let (M(n+2), g) be any Lorentzian manifold of type (Ψ, A, η, f ) over (N , h).
Then it holds:
(i) (M(n+2), g) cannot be an Einstein manifold with non-zero cosmological constant.
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(ii) Let (M(n+2), g) be Ricci-flat and N compact. If either
a) η] is a h-Killing field, ζ( f ) = 0 and Ψ(η], ·) = 0, or
b) η] is h-parallel, N = B × S1 and Ψ ∈ Ω2(B),
then Ψ ∈ Ω2(N ) must already vanish identically.
Proof. To prove (i), suppose the Lorentzian manifold (M(n+2), g) of type (Ψ, A, η, f )
over (N , h) is an Einstein manifold. Then, by Lemma 4.9 (4.15), the cosmological con-
stant Λ has to be equal to 12 (Hess f )(ξ, ξ). Hence, (Hess f )(ξ, ξ) has to be constant on
each fiber since 0 = ξ(Λ) = ξ((Hess f )(ξ, ξ)) implying (Hess f )(ξ, ξ)|π−1(y) ≡ const for
all y ∈ N . As a consequence, such f ∈ C∞(M) would give rise (by passing to a local
trivialization) to a function f̂ ∈ C∞(S1) with constant Laplacian on S1. Hence, f is then
contant on the fibers. But this is a contradiction to Λ 6= 0.
To see (ii.a) assume that (M(n+2), g) is Ricci-flat and the assumptions above hold true.
Note that necessarily ξ( f ) = 0. Then, by Proposition 4.5, there exists a timelike Killing
vector field K ∈ Γ(TM). Due to [RS96, Theorem 3.2], K then has to be parallel. This is
the case if and only if Ψ vanishes, since g(∇gei K, ej) = Ψij by Lemma 4.2 (iii).
In the case (ii.b), Ricci-flatness of (M(n+2), g) implies ∆h f = 2||ψ||h by Lemma 4.9
(4.14), where we regard f as a function on N which is feasible since f is constant along
the fibers. Since necessarily
∫
N ∆h f = 0 we infer ||ψ||h = 0 and hence Ψ = 0.
Note that this proposition implies in particular, that the toric type constructions in
[Lär11] with compact base N = B × S1 and (B, hB) being Ricci-flat or Einstein cannot
produce Ricci-flat or Einstein metrics on M provided that Ψ ∈ Ω2(B) is not chosen to
be zero.
4.4 holonomy
Within this section we intend to apply Theorem 1.12 to the manifolds occurring in The-
orem 4.12 in order to determine their full holonomy. Moreover we will construct certain
Lorentzian manifolds of type (Ψ, A, η, f ) over (N , h) having holonomy of type 4, see
Theorem 1.7.
Full Holonomy of Ricci Flat Examples
Indeed, we find for the universal cover (M̃, g̃) of the Lorentzian manifolds of type
(Ψ, A, η, f ) over (N , h) appearing in Theorem 4.12 the following.
Proposition 4.16. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h)
for a smooth function f ∈ C∞(M) constant along the fibers and N = B × S1 for a compact
Riemannian manifold (B, hB) with b1(B) > 0. Choose for η the coordinate 1-form on S1,
h = hB ⊕ η2 and Ψ := α ∧ η for some nowhere vanishing closed 1-form α s.t. [α] ∈ H1dR(B) ∩
H1(B,Z). Then the universal cover (M̃, g̃) is isometric to a manifold
(R2 × S , Ξ(u,v,p) = 2dudv + κ(u, p)du2 + Au  du + Θp), (4.17)
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with Au = 2(u + a(s))ds, a ∈ C∞(R), and where s is the R-coordinate of S = R×A which
is the universal cover of a leaf of the involutive screen distribution S|L⊥ defined in (4.3) on page
68. Further, L⊥ is a leaf of L⊥, κ : M̃ −→ R is a smooth function not depending on the
v-coordinate and Θ is a Riemannian metric on S which coincides with the lift of π∗hB to the
universal cover, restricted to S .
Proof. To this end, let a tilde ahead of any object denote the lift to the universal cover.
Moreover we will use, locally, a basis of TB of hB-orthonormal vector fields Eα, E2, . . . , En
with Eα := α
]
||α]|| and E2, . . . , En ∈ ker α. As usual we write ei := E
∗
i and set eα := E
∗
α.
We first show how to separate R3 from the universal cover M̃ using Proposition 1.44.
Indeed, π∗η is closed on M and (π∗η)(ζ) = 1. Moreover, the 1-form π∗α on M is
closed, too, and fulfills (π∗α)(eα) = 1. Finally, fix a leaf L⊥ of L⊥. Since S is horizontal
and involutive, cf. Lemma 4.3, the 1-form ζ[ = g(ζ, ·) = iA + ( f + 1)π∗η is closed on





' R×R× S π
∗α' R3 ×A,
where S is a fixed leaf of S̃|L̃⊥ and A is a leaf of ker π̃
∗α|S . Recall that the diffeo-
morphisms are given by the flows of ζ̃, −ξ̃ and ẽα, respectively. To be more precise,
let {ϕηu}u∈R, {ϕξv}v∈R and {ϕαs }s∈R denote the corresponding flows of the latter vector
fields, respectively. Then
Φ : R3 ×A 3 (u, v, s, p) 7−→ ϕηu(ϕξv(ϕαs (p))) ∈ M̃
is the asserted diffeomorphism.
Since all vector fields except ζ and eα commute, we obtain
dΦ(∂v) = −ξ̃, dΦ(∂u) = ζ̃.
As Lζ(π∗α) = 0, the flow of ζ̃ preserves π̃∗α and thus
g̃(dΦ(∂s), ẽα) = g̃(dϕ
η




Moreover let, locally, ωj := g(ej, ·), j = 2, . . . , n. Then Lζωj = 0 and hence
g̃(dΦ(∂s), ẽj) = g̃(dϕ
η
u(ẽα), ej) = (ϕ
η
u)
∗ω̃j(ẽα) = ω̃j(ẽα) = ωj(eα) = 0.
Therefore, we obtain that
dΦ(∂s) = ẽα + τ · ξ̃
for some τ ∈ C∞(M̃). Since dπ∗α = 0 we obtain Leα(π∗α) = 0. Hence, every flow
defining Φ preserves π∗α and since, locally, S = span{e2, . . . , en}, we see that
dΦ(ẽi) ∈ Γ(k̃er π∗α), i = 2, . . . , n.
Since π∗Ψ ∈ Ω2(M) is closed, its lift to the universal cover is exact. More precisely we
have
Φ∗π̃∗Ψ = Φ∗π̃∗α ∧Φ∗π̃∗η = ds ∧ du
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as Φ∗π̃∗η = du and Φ∗π̃∗α = ds. Hence,
iΦ∗dÃ = iΦ∗ F̃A = 2Φ∗π̃∗Ψ = 2ds ∧ du. (4.18)
Using this together with ĩA(dΦ(∂v)) = −iA(ξ) = 1 and ĩA(dΦ(∂s)) = τ · iA(ξ) = −τ,
we see that
Φ∗(ĩA) = dv− τds
and hence dτ = −2du− b(s)ds by (4.18), whence τ = −2(a(s) + u) for 2 dds a = b. Sum-
marizing we get:
(Φ∗ g̃) = 2Φ∗(ĩA)Φ∗π̃∗η + ( f̃ ◦Φ + 1)(Φ∗π̃∗η)2 + Φ∗(π̃∗hB)
= 2(dv + 2(u + a(s))ds + ( f̃ ◦Φ + 1)du)du + Φ∗(π̃∗hB)
= 2dudv + κdu2 + Au  du + Θ,
where Θ := Φ∗(π̃∗hB) and κ := f̃ ◦ Φ + 1, while ∂vκ = 0 since ξ( f ) = 0, i.e. κ is
independent of the v-coordinate.
Next we need a description of the fundamental group of M since this is contained
in the groups Q of Theorem 1.12. Using Serre’s long exact sequence for the S1-bundle
π :M−→ N with N = B × S1 we obtain
0→ π2(M)
ϕ1−→ π2(B) = π2(N )




This can be rewritten as the two short exact sequences
0 −→ π2(M)
ϕ1−→ π2(B)
ϕ2−→ im ϕ2 −→ 0 (4.20)
0 −→ coker ϕ2
ϕ3−→ π1(M)
ϕ4−→ π1(B)×Z −→ 0 (4.21)
To determine π1(M) from (4.21), we make the following definition.
Definition 4.17. We say that π1(B) is split, iff the short exact sequence (4.21) splits.
For example, π1(B) is split, if it is a free group. We obtain:
Proposition 4.18. If π1(B) is split then π1(M) ∼= (π1(B) ×Z)n coker ϕ2 = (π1(B) ×
Z)nZ/ im ϕ2.
Since every subgroup of a free group is free, so is im ϕ2 ⊂ Z and consequently the se-
quence (4.20) always splits and gives us a possibility to calculate either π2(B) or π2(M):
Proposition 4.19. π2(B) ∼= im ϕ2 n π2(M).
For example, in the easiest case where π2(B) = 0 (e.g. when a cover of B is con-
tractible), then im ϕ2 = 0 and hence π1(M) = (π1(B) ×Z)nZ by Proposition 4.18.
If, for instance π2(B) = Z (e.g. when B = CPn), then coker ϕ2 ∈ {1,Z/kZ,Z} and
Propsition 4.19 may help to determine the correct case if one is able to get information
about π2(M). For instance, if the leaves of L⊥ = ξ⊥ are compact, thenM fibers over S1
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with each fiber diffeomorphic to a leaf L⊥ by Theorem 1.24 (iii) and Serre’s long exact
sequence yields π2(M) ∼= π2(L⊥) and π1(M) = Zn π1(L⊥).
We are now in the position to use Theorem 1.12 to give a description of the holon-
omy of the Lorentzian manifolds of type (Ψ, A, η, f ) over (N , h) considered in Proposi-
tion 4.16. We obtain:
Theorem 4.20. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h) with
the data chosen as in Proposition 4.16 with f ∈ C∞(N ) s.t. HessB f |B is non-degenerate in a
point. Then the full holonomy group is given by
Holx(M(n+2), g) = O ·Hol0q(B, hB)nRn, (4.22)




−1 ◦ PΘσ | σ ∈ π1(M)
〉
⊂ O(n),
with the notations as in Theorem 1.12. Moreover, we can replace π1(M) by π1(B) in O, if
π1(B) is split. In this case we actually have
Holx(M(n+2), g) = Holq(B, hB)nRn. (4.23)
Proof. The proof of the theorem is threefold. As a first step we show that the manifolds
occurring in Proposition 4.16 have full holonomy Hol(S , Θ)nRn which is an easy adap-
tion of the proof of Theorem 1.11, see [BLL14, Proposition 4]. In a second step we prove
that Hol(S , Θ) is isomorphic to Hol0(B, hB). Finally, we provide the arguments for the
missing R∗-factor in the groups Q occurring in Theorem 1.12 and the fact that it suffices
to consider generators σ ∈ π1(B).
Step 1: We prove that for the (n + 2)-dimensional manifold M̃ = R2 × S equipped
with the metric Ξ(u,v,p) = 2dudv + κ(u, p)du2 + Au  du + Θp with simply-connected
S ' R×A, and Au = 2µds := 2(u + a(s))ds, the full holonomy in the point x̃ = (0, 0, p)
is given by
Holx̃(M̃, Ξ) = Holp(S , Θ)nRn. (4.24)
Here, p ∈ S is a point s.t. (HessΘ κ)(p) is non-degenerate. To prove (4.24) observe that
the only non-vanishing components of the Levi-Civita connection ∇ to Ξ are given by




2 dκ(∂s)− µ)∂v + ∂s −
1
2 gradΘ κ,
∇∂u ∂s = 12 dκ(∂s)∂v, ∇∂s X = ∇X∂s = ∇ΘX∂s,
∇∂s ∂s = ∇Θ∂s ∂s + a
′(s)∂v, ∇XY = ∇ΘXY,
(4.25)
where X, Y ∈ Γ(TA). Since the function a does not depend on the u-coordinate we get
for the curvature R of Ξ
R(∂u, S1)S2 = −
1
2
HessΘ κ(S1, S2)∂v, (4.26)
for all S1, S2 ∈ Γ(TS). Hence, the holonomy algebra of (M̃, Ξ) in x̃ contains Rn. Let
γ : [0, 1] −→ M̃ be a curve with γ(t) = (u(t), v(t), s(t), δ(t)) with γ(0) = (0, 0, p),
p = (s, q) and δ : [0, 1] −→ A a curve with δ(0) = q. Then, for X ∈ Γ(TS) being the
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Θ-parallel vector field along (s(t), δ(t)) with X(0) = v ∈ TpS , we obtain for the parallel
displacement P w.r.t. Ξ that
Pγ|[0,t)(v) = ϕv(t) · (∂v ◦ γ(t)) + X(t)
with ϕv : [0, 1] −→ R defined as









2ṡ(r)a′(s(r)), v ∈ R∂s,0, v ∈ TqA.
Therefore, prTpS ◦Pγ|TpS = P
Θ
(s,δ) which proves (4.24).
Step 2: We are going to prove
Hol0x(S , h) ∼= Hol0q(B, hB). (4.27)
Here, h := π∗hB |S×S , where S is a leaf of the involutive screen distribution S and
π(x) = q with x ∈ S , where π : S −→ B denotes the surjective map π := prB ◦π|S .
Then (4.27) obviously implies Hol(S , Θ) ∼= Hol0(B, hB).
First note that (S , h) is geodesically complete since it is the restriction of a complete
Riemannian metric gR onM (namely, gR = −A A + ζ[  ζ[ + π∗hB) to a leaf (namely,
S) of a foliation, cf. Proposition 1.26. In addition it holds π∗hB = h, i.e. π is a local
isometry, and thus
dπx ◦ Phγ ◦ dπ−1x = P
hB
π◦γ (4.28)
for any loop γ in x. Finally, π is a Riemannian covering and hence every null-homotopic
loop in B lifts to a null-homotopic loop in S so (4.27) follows from (4.28).
Step 3: Let Φ : M̃ ' R2 × S −→ M denote the universal covering from Proposi-
tion 4.16 with dΦ(∂u) = ζ, dΦ(∂v) = −ξ and hence Φ∗π∗η = du. When σ ∈ π1(M) is a
deck transformation of (M̃, Ξ = Φ∗g), i.e. Φ ◦ σ = Φ, then we see that
σ∗du = σ∗(Φ∗(π∗η)) = (Φ ◦ σ)∗π∗η = Φ∗π∗η = du.
Hence u ◦ σ = u + bσ, i.e. aσ = 1 so there is no R∗-factor in the groups Q occurring in
Theorem 1.12.
Assume now that π1(B) is split, i.e. (4.21) splits, then π1(M) ∼= (π1(B) × Z) n
Z/ im ϕ2 by Proposition 4.18. Let x0 ∈ M. Then the integer factors in π1(M, x0)
come from the fundamental groups of the fibers and the circle in N . These are in turn
generated by the flow of ξ and ζ starting in x0, respectively. Hence, if x̃0 = (u, v, p) ∈ M̃
with Φ(x̃0) = x0 and for k ∈ Z
γ̃
ζ
k(t) := (u + kt, v, p), γ̃
ξ
k(t) := (u, kt− v, p),
then Φ ◦ γ̃ζk and Φ ◦ γ̃
ξ
k(t) are generators for the integer factors in π1(M, x0) since it are
integral curves of kζ and kξ, respectively. But neither γ̃ζk nor γ̃
ξ
k can connect x̃0 with
σ(x̃0) for some isometry σ of (M̃, Ξ) with ν(u, v, ·) 6= idS . So we can replace π1(M) by
π1(B) in O. Since then Holq(B, hB) = O ·Hol0q(B, hB) by Proposition 1.2, this completes
the proof.
4.4 holonomy 81
If b1(B) = 0, we cannot choose a nowhere vanishing closed 1-form α ∈ Ω1(B) since
it must be exact and hence α = dτ for some smooth function τ ∈ C∞(B). But as B was
assumed to be compact, α = dτ has at least one zero. Hence, Proposition 4.16 cannot
be applied in this case. However, if b1(B) = 0, we may choose a different vector field to
split the first line from the universal covering. Indeed, if we choose the complete vector
field W := ζ− 2(τ ◦π)ξ onM instead of ζ, we can use the flow of its lift to the universal
cover to split a line from M̃ just as within the proof of Proposition 4.16 but with the
difference that now [W, eα] = 0. We obtain the following.
Proposition 4.21. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h)
as in Proposition 4.16 but with b1(B) = 0. Then the universal cover (M̃, g̃) is isometric to a
manifold
(R2 × S , Ξ(u,v,p) = 2dudv + κ(u, p)du2 + Θp) (4.29)
with the notations as in Proposition 4.16.
Proof. Let α = dτ and define W := ζ − 2(τ ◦ π)ξ. Then π∗η(W) = 1 and the same
methods as in the proof of Proposition 4.16 apply. Namely, by taking the flow {ϕWu }u∈R
of W̃ and {ϕξv}v∈R of −ξ̃ we can separate a line from M̃ twice by Proposition 1.44:





Again we will use, locally, as a basis of TB of hB-orthonormal vector fields Eα, E1, . . . , En
with Eα := α
]
||α]|| and E2, . . . , En ∈ ker α and follow the notations in the proof of Proposi-
tion 4.16. Then:
[W, eα] = iFA(ζ, eα)ξ + 2dτ(eα)ξ = −2dτ(Eα)ξ + 2dτ(Eα)ξ = 0 and [W, ei] = 0
for i = 2, . . . , n. We obtain:
dΦ(∂u) = W̃, dΦ(∂v) = −ξ̃ and dΦ(ei) ∈ Γ(k̃er π∗η).
The assertion now follows, since by the former equations,
Φ∗(ĩA) = dv + 2(τ̃ ◦ π ◦Φ) · du.
Setting κ(u, p) := ( f̃ + 1 + 4τ̃ ◦ π) ◦Φ(u, 0, p) completes the proof.
Note that if not only b1(B) = 0 but even B is simply-connected, M is diffeomorphic
to T2 × B since in this case the circle bundle is trivial as [Ψ] = 0. However, this must
in general not be the case. Therefore it seems to be worthwhile to mention that the
same conclusion about the holonomy as in Theorem 4.20 also holds for the case when
b1(B) = 0:
Corollary 4.22. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h) with
the data chosen as in Proposition 4.21 with f ∈ C∞(N ) s.t. HessB f |B is non-degenerate in a
point. Then the full holonomy of (M, g) is given as in Theorem 4.20.
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Complete Examples with Type 4 Holonomy
Obviously, we have so far just considered Lorentzian manifolds of type (Ψ, A, η, f ) over
(N , h) which are of type 1 or 2, cf. Theorem 1.7. By [Bez05, Proposition 6.2], they can-
not be of type 3 since R∇
ξ
(e+, ξ) = 0 if and only if ξ( f ) = 0.5 However, as we will
see, for appropriate choices of the objects, we can obtain Lorentzian manifolds of type
4 which are complete (but non-compact). We do not know if the other existing exam-
ples [Gal06, Baz09, Lei06] for Lorentzian manifolds with holonomy of type 4 provide
complete examples, too.
For the purpose of the construction we use a characterization of type 4 holonomy alge-
bras contained in [Bez05, Proposition 6.3]. It is basically a consequence of the Holonomy
Theorem of Ambrose and Singer, subsumed in equation (1.4), and a certain curvature
decomposition, see [LG08, Theorem 3.7].
Proposition 4.23. A Lorentzian manifold (M(n+2), g) of type (Ψ, A, η, f ) over (N , h) has type
4 holonomy algebra holx(M(n+2), g) in x ∈ M if and only if there is a screen distribution S and
a decomposition S = S1 ⊕ S2 such that the following holds true.
(i) R∇
S
(X, Y)Γ(S1) ⊂ Γ(S1) and R∇
S
(X, Y)Γ(S2) = 0 for all X, Y ∈ Γ(TM).
(ii) There exists a section ϕ ∈ Γ(Hom(so(S1), S2)) s.t.
a) R∇
S
(X, Y) ∈ ker ϕ for all X, Y ∈ Γ(S),
b) R̂(e+, Γ(S2))Γ(S2) = 0 and R̂(e+, X)Y = g(ϕ(R∇
S
(e+, X)), Y)ξ for all vector fields
X ∈ Γ(S1) and Y ∈ Γ(S2), where R̂ = Rg − R∇
S
.









y (e+, X) ◦P
g
γ ◦prS1), Y(x))
for arbitrary X ∈ Γ(S1) and Y ∈ Γ(S2).
Applying this to a certain family of Lorentzian manifolds of type (Ψ, A, η, f ) over the
manifold N = Rm ×Tk gives us the following.
Proposition 4.24. Let (M(n+2), g) be a Lorentzian manifold of type (Ψ, A, η, f ) over (N , h),
where we choose N = B × S1 with B = Rm × Tk, k(k−1)2 ≥ m > 0 and k ≥ 2. Denote by
η = du the coordinate 1-form on S1 and fix a global trivialization of TB by ∂1, . . . , ∂m, E1, . . . , Ek,
where E1, . . . , Ek is an orthonormal frame w.r.t. the flat metric θ on Tk. Furthermore, choose
• 0 6= [Ψ] ∈ H2dR(Tk) ∩ H2(Tk,Z) for a non-harmonic Ψ and [Ψ(x), Ψ(y)]so(k) = 0 for all
x, y ∈ Tk, where Ψ(x) is understood as an element of so(k) w.r.t. the basis E1, . . . , Ek;
• smooth non-zero functions ϕi : R −→ R∗ with ϕi(0) = 1 for i = 1, . . . , m;
• h = hB ⊕ du2 with hB = ∑mi=1 ϕ2i dx2i ⊕ θ,
• f := f̂ ◦ π for f̂ ∈ C∞(B) with f̂ (y1, . . . , ym, x) := −2 ∑(i,j)∈Λ Ψij(x)Φλji (yλji ), where




2 + i and
Λ := {(i, j) ∈ {1, . . . , k}2 | i < j, λji ≤ m}.
Then (M(n+2), g) is a Lorentzian manifold with holonomy of type 4 and Abelian orthogonal part






5 With ∇ξ we denote the connection ∇ξ : Γ(L) −→ Γ(T∗M⊗L) with L = Rξ induced by ∇g.
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Proof. By the construction of M, we have that M = Rm ×M′ × S1 for the S1-bundle
π : M′ −→ Tk with c1(M′) = [Ψ]. Let S be the screen distribution corresponding to
the choice of the transversal vector field Z ∈ Γ(TM) defined in (4.3) and ∇S denote
the induced connection from ∇g defined in (1.16) on page 19. By the choice of S we
have S ' TB∗ = span{S∗1 , . . . , S∗n} globally, where we set Si := ϕ
−1
i ∂i and Sj := Ej for
i = 1, . . . , m, j = 1, . . . , k. Hence we have a splitting S = S2 ⊕ S1 with S1 = (TTk)∗ and
S2 = Rm.
To this end we fix the point x = (0, p, u) ∈ M for arbitrary p ∈ M′ and u ∈ S1. Since
the holonomy algebras in different points of the manifold are isomorphic, it suffices to
prove that holx(M(n+2), g) is of type 4. Computing R∇
S
using Lemma 4.7 we see that
R∇
S
(·, ·)S = (∇h· ψ)(S) ∧ π∗η (4.30)
for all S ∈ Γ(S) and thus
R∇
S
(X, Y)Γ(S1) ⊂ Γ(S1), R∇
S
(Γ(S), Γ(S)) = 0, R∇
g
(X, Y)Γ(S2) = R∇
S
(X, Y)Γ(S2) = 0
for all X, Y ∈ Γ(TM). Therefore, in Proposition 4.23 the properties (i), (ii.a) and the first
equation in (ii.b) are satisfied.
We are left to choose a section ϕ ∈ Γ(Hom(so(S1),Rm)) for which (ii.b) and (ii.c) in
Proposition 4.23 hold. For every y = (y1, . . . , ym, q, v) ∈ M,












defines a surjective linear map6. To prove that Proposition 4.23 (ii.b) is satisfied we
compute
R̂(e+, X)Y = 12 (Hessg f )(X, Y)ξ
for all X ∈ Γ(S1) and Y ∈ Γ(S2). Moreover, we obtain for the Hessian of f
(Hessg f )y(X, ∂`) = X(∂`( f ))(y) = −2X(Ψi0 j0)ϕ`(y`) = −2gy(ϕ(∇
h
dπ(X)ψ), ∂`) (4.32)
for λj0i0 = ` and all X ∈ Γ(S1) since ϕ` = ∂`(Φ`). Therefore,
R̂(e+, X)Y = g(ϕ(R∇
S
(e+, X)), Y)ξ
for all X ∈ Γ(S1) and Y ∈ Γ(S2) by (4.30) and (4.32) which proves Proposition 4.23 (ii.b).
Hence it remains to show that Proposition 4.23 (ii.c) holds. Let γ : [0, 1] −→ M be a
path with γ(0) = x and γ(1) = y. SinceM = Rm×M′× S1 we can write the curve γ as
γ(t) = (σ(t), δ, eiu(t)) for appropriate σ : [0, 1] −→ Rm, δ : [0, 1] −→ M′ and δ := π ◦ δ.
Then one computes for the parallel transport of any E ∈ {∂1, . . . , ∂m, E∗1 , . . . , E∗k} along γ
that
P gγ(E) = CV · ξ + V∗(1),
6 For the purpose of clarifying this definition, we point out that the presented homomorphism ϕ is noth-
ing but the restriction of the canonical isomorphism so(k) ∼= Rk(k−1)/2 given by the function (aij) 7→
(a12, a13, . . . , a1k, a23, . . . , a(k−1)k) to the first m entries and weighted by the non-vanishing functions ϕi,
i = 1, . . . , m.
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where CV ∈ R depends on V ∈ Γ(δ∗TTk ⊕ σ∗Rm) which is the solution to the ODE
∇h
δ̇
V = −u̇ · ψ(V) (4.33)
with initial value V(0) = dπ(E). When E = ∂i, then ψ(E) = 0 and we obtain the solution




Hence, to solve (4.33) we can write down (4.33) as matrix equation of (k× k)-matrices
Ω̇(t) = A(t) ·Ω(t), Ω(0) = Ik (4.35)
for A(t) := −u̇(t) · ψ(δ(t)), where Ik is the identity and ψ is interpreted as an element
of so(k). We conclude that Ω(t) ∈ SO(k) since A(t) ∈ so(k). We obtain
prS1 ◦ P
g
γ ◦ prS1 = Ωs(1) ∈ SO(k) (4.36)








since [Ψ(δ(τ1)), Ψ(δ(τ2))]so(k) = 0 for all τ1, τ2 ∈ [0, 1] implying [A(τ1), A(τ2)]so(k) = 0.
Equation (4.37) in turn implies that
Ωs(t1)Ωs(t2) = Ωs(t2)Ωs(t1) (4.38)
for t1, t2 ∈ [0, 1], which, by setting t2 = 1 and differentiating in t1 = 1, yields
Ψ(δ(1))Ωs(1) = Ωs(1)Ψ(δ(1)). (4.39)
We are now in the position to prove Proposition 4.23 (ii.c). Consider the left hand
side of the equation occurring in Proposition 4.23 (ii.c) for X ∈ Γ(S1), Y = ∂i and





γ(∂i(x))) = ϕi(yi)−1 · gy(ϕy(R∇
S
y (e+, X)), ∂i(y))
= −ϕi(yi)−1 · X(Ψi0 j0)(q)ϕi(yi)
= −X(Ψi0 j0)(q) (4.40)
where i0, j0 ∈ {1, . . . , k} such that λj0i0 = i. To compute the right hand side, define














y (e+, X) ◦ P
g




















∗Ψ)(y) ◦Ωs(1)E∗i (y), Ωs(1)E∗j (y))
(4.39)

















Taking into account (4.40) this shows Proposition 4.23 (ii.c) and completes the proof of
the proposition.
Remark 4.25. To our knowledge, up to now no compact examples of Lorentzian manifolds with
holonomy algebra of type 4 do exist. Unfortunately we do not know, how to replace the Rm factor
in M by some compact manifold of dimension m (e.g. the torus). The simplest idea is to try to
choose periodic functions ϕi such that their antiderivative is a periodic function. But since ϕi
needs to be non-vanishing (i.e. either positive or negative), this is impossible.
Under additional assumptions we get completeness of the latter manifolds producing
examples for geodesically complete Lorentzian manifolds with holonomy of type 4.
Lemma 4.26. If the functions ϕi, i = 1, . . . , m, and [Ψ] ∈ H2dR(Tk)∩H2(Tk,Z) can be chosen,











gradh f̂ (δ(s))− u · ψ(δ̇) (4.42)
are defined on the whole real line, then the Lorentzian manifold of type (Ψ, A, η, f ) over (N , h)
in Proposition 4.24 is complete.
Proof. Let γ : t 7→ γ(t) ∈ M be a curve with γ(t) = (α(t), eiu(t)), where α : t 7→ α(t) is
a curve in Rm ×M′ and define δ := π ◦ α. Note that, by abuse of notation, we write for
π the projection π : Rm ×M′ −→ Rm ×Tk to make notation short. Indeed, π restricted
to Rm is just the identity. We get
γ̇(t) = u̇(t)∂u + α̇(t) = u̇(t)∂u + v(t)ξ(t) + drρ(t)(δ̇
∗(t))
with δ∗ denoting the horizontal lift of δ with δ∗(0) = α(0) and ru :M′ −→M′ the right
action of u ∈ S1 on M′, while ρ : R → S1 is defined through rρ(t)(δ∗(t)) := α(t). This
yields
∇gγ̇
dt (t) = ü(t)∂u + (v̇(t)− u̇(t)d f̂ (δ̇))ξ(t) + u̇(t)(ψ(δ̇)−
1
2 u̇(t) gradh f̂ ) +
∇h δ̇
dt (t). (4.43)
Let x = (y, p, eiu0) ∈ M and v ∈ TxM be arbitrary with v = u1 · ∂u + λ · ξ(x) + w
where w ∈ TxB∗ ∼= Rm⊕HpM′.7 To prove completeness, we have to provide a geodesic
7 For any principal bundle P −→ B we denote by HP its horizontal bundle.
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γ : R −→Mwith γ(0) = x and γ̇(0) = v defined on the whole real line. Let δ : R −→ B
be a solution to (4.42) for u = u1 with δ(0) = π(y, p) and δ̇(0) = dπ(w). By (4.43), for
each geodesic γ we have u(t) = u1t + u0. Therefore, τ(t) := u̇(t)d f̂ (δ̇) is defined on the
whole R and we define by T : R −→ R its antiderivative with T (0) = λ. If T : R −→ R
is the antiderivative of T with T(0) = 0, then we define by
α(t) := rρ(t)(δ
∗(t))
for ρ(t) := eiT(t) a curve in Rm ×M′ with δ∗ denoting the horizontal lift of δ with
δ∗(0) = (y, p). We do now claim that
γ(t) := (α(t), ei(u1t+u0))
is the required geodesic with γ(0) = x and γ̇(0) = v. To see this, first note that
γ(0) = (α(0), eiu0) = (δ∗(0), eiu0) = x.
In order to verify that γ is a g-geodesic, recall (4.43) and the formula
d
dt
α(t) = drρ(t)( ddt δ
∗(t)) + X(α(t)),
where X ∈ Γ(TM′) is the fundamental vector field corresponding to dLρ(t)−1(ρ̇(t)) ∈ iR
with Lu : S1 −→ S1 denoting the left-multiplication by u in S1. In fact,
X(α(t)) = T (t) · ξ(t),
while π ◦ α = δ. Hence v̇(t) = τ(t) = u̇(t)d f̂ (δ̇) and since δ satisfies (4.42), γ is a
g-geodesic with γ̇(0) = v.
The following result provides an example for the existence of the required functions
ϕi and the 2-form Ψ such that (4.42) in Lemma 4.26 is satisfied.
Proposition 4.27. Let ξ1, . . . , ξk be the canonical coframe on Tk. Moreover choose ϕi ≡ 1,










χi(x2i−1, x2i)ξ2i−1 ∧ ξ2i ∈ so(2l) ⊂ so(k)
for periodic functions χi : T2 −→ R, i = 1, . . . , 2l such that [Ψ] ∈ H2dR(Tk) ∩ H2(Tk,Z).8
Then the Lorentzian manifolds of type (Ψ, A, η, f ) over (N , h) provided in Proposition 4.24 are
geodesically complete.
8 The constructed Ψ is of the form Ψ = Ψ1 + . . . + Ψl where each Ψi ∈ Ω2(T2) is simply a 2-form on
T2 not depending on the other coordinates. Hence we obtain [Ψ] ∈ H2(Tk,Z) if and only if the integral
over the fundamental class [T2] for each Ψi is an integer. For example one may choose the functions
χi(xi, xi+1) := sin(xi) sin(xi+1).
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Proof. Let δ(s) = (α1(s), . . . , αm(s), β1(s), . . . , βk(s)) be a path in B = Rm × Tk and
set α(s) = (α1(s), . . . , αm(s)) and β(s) = (β1(s), . . . , βk(s)). Since hB = h1 ⊕ h2 with




i and h2 := θ, equation (4.42) becomes
α̈(s) = u
2




2 gradh2 f̂ (δ(s))− uψ(β̇(s)).
}
(4.44)
Taking into account the definition of f̂ ∈ C∞(B) in Proposition 4.24 and Φi(x) = x + Ci
for i = 1, . . . , m, equation (4.44) turns into
α̈a(s) = −u2Ψi0 j0(β(s)), a = 1, . . . , m,
∇h2 β̇
ds (s) = −u2 ∑
k
b=1 ∑(i,j)∈Λ{Eb(Ψij)(β(s))(αλji (s) + Cλji )}Eb − uψ(β̇(s))
}
(4.45)
where i0, j0 ∈ {1, . . . , k} such that λj0i0 = a. By integrating the first equation of (4.45)

























By lifting this equation to Rk, we obtain a second order non-linear differential equation
of the form y′′(s) = F(s, y, y′) := A(s, y(s)) + B(y(s))y′(s). Since the partial derivatives
of A : [a, b] ×Rk −→ R and B : Rk −→ R are bounded, F : R2k −→ Rk is globally
Lipschitz continuous and (4.46) exhibits a global solution β̃ : R −→ Rk. By defining
β := p ◦ β̃ for p being the canonical projection p : Rk −→ Tk then yields the global
solution on the torus.
Combining Proposition 4.24 and Proposition 4.27 we finally obtain the following re-
sult.
Theorem 4.28. For each Abelian Riemannian holonomy algebra g ⊂ so(k) there exists a com-
plete indecomposable but non-irreducible Lorentzian manifold with holonomy of type 4 possessing
g as orthogonal part.

B I B L I O G R A P H Y
[Aub98] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, 1st ed., Springer Verlag,
1998.
[Bau02] H. Baum, Conformal Killing spinors and special geometric structures in Lorentzian geometry
– a survey, Proceedings of the Workshop on Special Geometric Structures in String
Theory, Bonn, September 2001, Proceedings archive of the EMS Electronic Library of
Mathematics, 2002, http://www.univie.ac.at/EMIS/proceedings/.
[Bau12] , Holonomy Groups of Lorentzian Manifolds: A Status Report, Global Differential
Geometry (Christian Bär, Joachim Lohkamp, and Matthias Schwarz, eds.), Springer
Proceedings in Mathematics, vol. 17, Springer Berlin Heidelberg, 2012, 10.1007/978-3-
642-22842-1 7, pp. 163–200.
[Baz09] Ya. V. Bazaı̆kin, Globally hyperbolic lorentzian spaces with special holonomy groups, Siberian
Mathematical Journal 50 (2009), no. 4, 567–579.
[BBI93] L. Bérard-Bergery and A. Ikemakhen, On the holonomy of Lorentzian manifolds, Differen-
tial Geometry: Geometry in Mathematical Physics and Related Topics (Los Angeles,
CA, 1990), Proc. Sympos. Pure Math., vol. 54, Amer. Math. Soc., Providence, RI, 1993,
pp. 27–40. MR MR1216527
[Ber55] M. Berger, Sur les groupes d’holonomie homogène des variétés riemanniennes, Bulletin de la
Société Mathématique de France 83 (1955), 279–330.
[Ber57] , Les espaces symétriques noncompacts, Annales scientifiques de l’École Normale
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